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An absolute value on a field k is a map | · | : k −→ R+
⋃
{ 0 } that satisfies the
following three properties
(i) |x| = 0 if and only if x = 0
(ii) |x · y| = |x| · |y| for all x, y ∈ k
(iii) |x+ y| ≤ |x|+ |y| for all x, y ∈ k
The absolute value | · |0 on k defined by
|x|0 =
 1 x 6= 00 x = 0
is called the trivial absolute value on k. Any other absolute value on k is said
to be nontrivial and from now on we will assume that all absolute values under
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consideration are nontrivial.
If | · | is an absolute value on k then | · | is a group homomorphism from
(k×,×) to (R+,×). It follows that |1| = 1 and more generally that for a root of
unity ζ, |ζ| = 1. We also have that for all x ∈ k×, |x−1| = |x|−1.
Let Mk denote the set of all absolute values on k. If | · | ∈ Mk then the map
(x, y) −→ |x − y| from k × k to [0,∞) is a metric and therefore induces a metric
topology on k. We say that two elements of Mk are equivalent if they induce the
same metric topology on k. This defines an equivalence relation on Mk and we call
an equivalence class of Mk a place of k. In this thesis Ak will denote the set of
places of k.
An absolute value, | · |, is said to be non-archimedean if for all x and y ∈ k
∣∣∣ x+ y ∣∣∣ ≤ max{ |x| , |y| } (1.1.1)
in which case inequality (1.1.1) is called the ultrametric or strong triangle inequality.
If there exists x and y ∈ k such that |x + y| > max{ |x| , |y| } then the absolute
value is said to be archimedean. If an absolute value is archimedean then all other
absolute values in the same place are archimedean and we can describe the places
of k as being archimedean or non-archimedean. An archimedean place will also be
called an infinite place while a non-archimedean place will also be called a finite
place. Equivalent absolute values are characterized by the following theorem which
can be deduced from Section 4.1 of [Koc00].
Theorem 1.1.1. ( Other Characterizations of Equivalence ) Let | · |1 and
| · |2 be absolute values on k. Then the following are equivalent:
(1) | · |1 and | · |2 induce the same metric topology on k,
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(2) { x ∈ k : |x|1 < 1 } = { x ∈ k : |x|2 < 1 }
(3) there exists a positive number θ such that |x|θ1 = |x|2 for all x ∈ k.
Let | · | be a nontrivial and non-archimedean absolute value on k. For
N ∈ N, N ≥ 2, let α1, . . . , αN ∈ k be such that |αN | > |αi| for 1 ≤ i < N then

































∣∣∣∣∣ = ∣∣∣ αN ∣∣∣. (1.1.2)
We refer to equation (1.1.2) as the case of equality in the strong triangle inequality.
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1.2 Completions
We say that k, | · | is complete if k is a complete metric space with respect to the
metric topology induced by | · |. A pair (K, | · |K) consisting of a field K and an
absolute value | · |K is said to be a completion of the pair (k, | · |k) if and only if
(i) K is complete with respect to | · |K ,
(ii) there exists an isometric isomorphism of k onto a dense subfield of K.
The completions of a pair (k, | · |) are unique up to naturally defined isometric iso-
morphisms as described by Theorem M, Section 1.5 in [Rib99].
Theorem 1.2.1. ( Uniqueness of Completions ) Let (k, | · |k) be a pair con-
sisting of a field k and an absolute value | · |k. Then there exists a pair (K, | · |K)
which is a completion of (k, | · |k). Moreover, if (K, | · |K) and (L, | · |L) are both com-
pletions of (k, | · |k), if σK : k → K and σL : k → L are the corresponding isometric
isomorphisms, then there exists a unique isometric isomorphism τ : K −→ L such
that τ ◦ σK = σL.
Fields that are complete with respect to an archimedean absolute value sat-
isfy the following characterization due to Ostrowski [Ost18].
Theorem 1.2.2. ( Complete Archimedean Absolute Values ) Let K be a
field which is complete with respect to an archimedean absolute value | · |K . Then
there exists θ, 0 < θ ≤ 1 such that (K, | · |K) is isometrically isomorphic to (R, | · |θ∞)
or (C, | · |θ∞).
For the remainder of this section we assume that k is a field with nontrivial,
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non-archimedean absolute value | · |. We let K be a fixed completion of k and con-
tinue to use | · | for the extended absolute value on K and identify k with its image
in K. We let v be the place of k containing | · | and V the place of K containing | · |.
By Theorem 1.1.1 the following sets depend on v and V respectively and not
on | · | alone. The notation Ov, etc. is thus well defined.
Ov =
{




















α ∈ K : |α| < 1
}
Since |·| is non-archimedean, Ov is an integral domain, Uv is the multiplicative
group of invertible elements in Ov, and Mv is the unique maximal ideal of Ov. The
field Fv = Ov / Mv is called the residue class field of k. The residue class field of
K, FV is defined as FV = OV / MV .
An element α ∈ Ov determines a coset α + Mv in the residue class field
Fv. If α ∈ Ov is viewed as an element of OV it determines a coset α + MV in the
residue class field FV . We can define the natural map
ψ : Fv −→ FV given by ψ{ α + Mv } = α + MV
Let β ∈ OV . Since k is dense in K, there exists α ∈ k such that |α − β| < 1.
Then |α| ≤ max{ |α − β|, |β| } ≤ 1 so that α ∈ Ov and α − β ∈ MV . That is,
ψ(α + Mv) = β + MV . This shows that ψ is surjective. ψ is an injective field
homomorphism. Hence Fv ∼= FV .
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Part of the research presented in this dissertation requires a careful under-
standing of the set ∣∣∣ k× ∣∣∣ = { |α| : α ∈ k× }
which is called the multiplicative value group of (k, |·|). Since |·| is a group homomor-
phism from the multiplicative group k× to the multiplicative group of positive real
numbers, |k×| is a nontrivial subgroup of (0,∞). A nontrivial multiplicative sub-
group G ≤ (0,∞) is either dense in (0,∞) or is discrete in which case it is an infinite
cyclic group, G = { tn : n ∈ Z } for some t ∈ (0, 1). Since log : (R+,×) −→ (R,+)
is a group isomorphism, this fact follows from Lemma 2.9.2 of [Koc00].
We say that | · | is discrete if its multiplicative value group is a discrete sub-
group of (0,∞). It is clear that if | · | is discrete then all the absolute values in the
place represented by | · | are also discrete. The extension of | · | to a completion K of
k is also discrete and |k×| = |K×|. It will be useful to know, and it is easy to prove,
that a nontrivial, non-archimedean absolute value on k is discrete if and only if Mv
is a principal ideal of Ov. Lemma 1.2.3 below follows from Lemma 3.3 in Chapter 1
of [Fes02] .
Lemma 1.2.3. ( Uniformizing Parameters ) Let | · | be a discrete absolute
value on k and let π be an element of the maximal ideal Mv. Then the following are
equivalent:
(1) Mv = (π) = { βπ : β ∈ Ov },
(2) sup { |α| : α ∈ Mv } = |π|,
(3) the multiplicative value group of (k, | · |) is { |π|n : n ∈ Z }.
An element π satifying the properties of the lemma is called a prime element or
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a uniformizing parameter. Since |k×| = |K×| and k ⊂ K, we have that a prime
element for (k, | · |) is also a prime element for (K, | · |).
We require an understanding of how absolute values from a complete field
(K, | · |) are extended to a finite and seperable field extension E of K. Let [E : K] = n.
We recall the Norm map N : E −→ K. Let V be the Galois closure of E/K.
That is V is the intersection of all Galois extensions of K that contain E. Let
G = Aut( V/K ), the Galois group of the extension V/K. Then V/E is a Galois
extension and H = Aut( V/E ) ≤ G. For β ∈ E we define




where the product is taken over a complete set of distinct coset representatives of
H in G. Using NE/K : E −→ K we can identify all extensions of | · | from K to E and
as the following theorem shows there is actually one such extension. This theorem
can be deduced from Section 4.5 of [Koc00].
Theorem 1.2.4. ( Extensions of Absolute Values ) Let K be a field and
| · | a nontrivial absolute value on K. Suppose that (K, | · |) is complete. Let E/K
be finite and seperable extension of fields of degree n. Then there exists a unique
absolute value on E, || · ||, that extends the absolute value | · | on K. For all β ∈ E
we have ∣∣∣∣∣∣ β ∣∣∣∣∣∣ = ∣∣∣ NormE/K(β) ∣∣∣1/n (1.2.2)
and E is complete in the metric topology induced by || · ||.
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1.3 Absolute Values on the Rational Numbers
We describe all the absolute values on the field Q of rational numbers. Let AQ be the
set of places of Q. Let | · |∞ be the usual archimedean absolute value on Q. For each
prime number p there exist the usual p-adic absolute value defined in the following
way. By The Fundamental Theorem of Arithmetic, a nonzero rational number β
can be written as
β = ±2τ2(β)3τ3(β)5τ5(β)7τ7(β) · · · , (1.3.1)
where {τq(β)} is a sequence of integers indexed by the set of prime numbers q and
where τq(β) = 0 for all but finitely many primes. The usual p-adic absolute value





−τp(β) if β 6= 0
0 if β = 0




pn : n ∈ Z
}
(1.3.2)
















a/b ∈ Q : p - b and p | a
}
and it is easy to show that the residue class field Op / Mp is isomorphic to the field
Fp ≡ Z/pZ. In this dissertation, for a rational prime q, Fq will denote the finite field
8
Z/qZ.
It follows from Theorem 1.1.1 that the absolute values | · |∞, | · |2, | · |3, . . . .
are pairwise inequivalent and thus represent distinct places of AQ. It is a theorem
of Ostrowski [Ost18] that these absolute values form a complete set of equivalence
class representatives for AQ.
Theorem 1.3.1. ( The Places of Q ) Let AQ be the set of places of Q. For
p ∈ { ∞, 2, 3, . . . } the absolute values | · |p form a complete set of ( pairwise
inequivalent) representatives of AQ.






This fact is called the Product Formula for Q.
1.4 Valuations
Let k be a field. A valuation on k is a map ν : k −→ R
⋃
{ ∞ } that satisfies each
of the following properties
(i) ν( x ) = ∞ if and only if x = 0,
(ii) ν( x · y ) = ν(x) + ν(y) for all x, y ∈ k,




for all x, y ∈ k.
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If ν is a valuation on k then the set { α ∈ k : ν(α) ≥ 0 }
⋃
{ 0 } is
called the valuation ring of ν. There exists a one-to-one correspondence between the
non-archimedean absolute values on k and the valuations on k. Let ν be a valuation
on k and θ a positive real number. Then | · | : k −→ [0,∞) defined by |x| = e−θ·ν(x)
defines a non-archimedean absolute value on k. If | · | is a non-archimedean absolute
value on k, then ν : k −→ R
⋃
{ ∞ } defined by
ν(x) =
 −θ · log |x| if x 6= 0∞ if x = 0
is a valuation on k. We note that there exists no correspondence of this kind be-
tween archimedean absolute values on k and valuations on k.
From these remarks, we see that all the ideas developed for non-archimedean
absolute values on k also apply to valuations on k. In particular, if ν is a valuation
on k and θ a positive real number then the map (x, y) : k× k −→ [0,∞) defined by
(x, y) =
 e
−θ·ν(x−y) if x 6= y
0 if x = y
is a metric and induces a metric topology on k. We say that two valuations ν1 and
ν2 are equivalent if they induce the same metric topology on k. By Theorem 1.1.1,
we have that ν1 and ν2 are equivalent if and only if
{




x ∈ k : ν2(x) > 0
}
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If ν is a nontrivial valuation on k then ν : k× −→ R is a group homomorphism







ν(α) : α ∈ k×
}
is a nontrivial subgroup and is called the additive value group of (k, ν). A valuation
ν is said to be a discrete valuation if its additive value group is a discrete subgroup.
A valuation ν is discrete if and only if there exists a positive number θ such that
the equivalent valuation x −→ θ · ν(x) has additive value group equal to Z.
As an example, suppose that β is a nonzero rational number,
β = ±2τ2(β)3τ3(β)5τ5(β)7τ7(β) · · · ,




If we extend the map τp : Q× −→ Z by setting τp(0) = ∞, then τp : Q −→ R
⋃
{∞}
is a valuation on Q.
1.5 The Places of an Algebraic Number Field
Let K be an algebraic number field of degree d over Q. Let v be a place of K and let
u be the place of Q to which v restricts. We define the local degree of v as
dv ≡ [ Kv : Qu ]
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We choose to identify two absolute values within v that will be useful. First assume
that v is an archimedean place. There exists a unique absolute value, || · ||v ∈ v
that restricts to the absolute value | · |∞ on Q. If v is a non-archimedean place then
there exists a rational prime p such that v restricts to the p-adic place of Q. We let
|| · ||v be the unique absolute value in v that restricts to the absolute value | · |p on







Let K ⊆ E be an extension of algebraic number fields. Let u be a non-
archimedean place of K and v a non-archimedean place of E restricting to u on K.
We require the following explicit characterization of || · ||v in terms of || · ||u. The
following theorem is a specialization of that found as Theorem 2.6 of [Fes02].
Theorem 1.5.1. ( The Non-Archimedean Places ) Let K ⊆ E be alge-
braic number fields. Let α ∈ E such that E = K(α). Let u be a non-archimedean
place of K and let v be a non-archimedean place of E such that v restricts to u on K.
Let Ku be the completion of K with respect to u and let |̂| · ||u be the extension of || · ||u
on K to Ku. Let mα,K(x) =
t∏
i=1
si(x) be the unique factorization of the minimal
polynomial of α over K[x] into monic irreducibles over Ku[x]. For αi (α = α1)
a root of si(x) let Ei = Ku(αi). Let |̂| · ||vi be the unique extension ( defined by
Theorem 1.2.4 ) of |̂| · ||u to Ei.
Then E is embedded as a dense subfield of the complete field Ei by K ↪→ Ku
and α −→ αi and the restriction || · ||vi of |̂| · ||vi to E is a non-archimedean absolute
value restricting to || · ||u on K. The absolute values || · ||vi are distinct and every
absolute value on E restricting to || · ||u on K corresponds to one of these.
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The archimedean places on K are described by the following theorem (The-
orem 4.8.3 of [Koc00] ). In the following || · ||∞ will denote the usual archimedean
absolute value on C.
Theorem 1.5.2. ( The Archimedean Places ) Let |·|∞ be the usual archimedean
absolute value on Q. Let K be an algebraic number field of degree d over Q and let
g1, . . . gr1 be the real isomorphisms and (gr1+1, gr1+r2+1), . . . , (gr1+r2 , gd)
the pairs of complex conjugate isomorphisms of K into C we then obtain all the




∣∣∣∣ giα ∣∣∣∣∞ for α ∈ K, i = 1, . . . , r1 + r2 (1.5.1)
We now allow for p ∈ { ∞, 2, 3, 5, . . . }. Let Ap = { v1, . . . , vk }
denote the set of places of K restricting to the p-adic place on Q. From Theorems
1.5.1 and 1.5.2 we have the following identity
∑
Ap
dv = d (1.5.2)

































Let α ∈ Q×, let K be an algebraic number field containing α, let AK be the
set of places of K, let AQ be the set of places of Q and for p ∈ AQ let Ap be the set

















We record this result as a theorem and refer to it as the Product Formula.
Theorem 1.5.3. ( Product Formula ) Let K be an algebraic number field,







1.6 The Galois Action on Places
Let K/Q be a finite Galois extension and let G = Aut( K/Q ). Let AK be the set of
places of K, AQ be the set of places of Q and for p ∈ AQ let Ap be the set of places of
K that restrict to p on Q. Let v ∈ AK and let σ ∈ G. The map | · |σv : K −→ [0,∞)






is an absolute value on K. Since σ fixes Q, | · |v and | · |σv restrict to the same absolute















which shows that equation (1.6.1) defines a group action of G on Ap for p ∈ AQ.
From Theorems 1.5.1 and 1.5.2 we can deduce the following.
Theorem 1.6.1. ( Galois Action on Places ) Let K/Q be a finite Galois exten-
sion. Let AQ be the set of places of Q. For p ∈ AQ let Ap be the set of places of K
that restrict to p on Q. Then Aut( K/Q ) acts transitively on Ap.
15
1.7 Ideals and Valuations of Algebraic Number Fields
First we recall the meaning of a localization. Let R be an integral domain and P a






: a ∈ R and b ∈ R− P
}
(1.7.1)
Let K be an algebraic number field. An element α ∈ K is said to be an
algebraic integer if α is the root of a monic polynomial with coefficients in Z. The
set of algebraic integers in K forms a ring and is denoted OK.
Lemma 1.7.0. (OK =
⋂
v-∞





Proof. Lemma 1.7.0 is a consequence of equations (3.1.6), (3.1.7) and (3.1.17)
OK is a Dedekind Domian (Proposition 14, Section 15.3 of [Dum99]). We list several
implications of this fact which are described in Sections 15.3, 15.4, 16.2, and 16.3 of
[Dum99].
Theorem 1.7.1. ( Properties of OK ) Let n ∈ N and let K be an algebraic
number field of degree n over Q and let OK be the ring of integers of K. Then
(i) Every nonzero prime ideal of OK is maximal.
(ii) K is the field of fractions of OK.
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(iii) Every nonzero proper ideal I of OK can be written as a finite product of prime
ideals:
I = P1P2 · · ·Pt (not necessarily distinct)
where the set of primes is uniquely determined and so every nonzero proper
ideal I of OK can be written uniquely (up to order) as a product of powers of
prime ideals.
(iv) Given α ∈ K there exists d ∈ N such that d · α ∈ OK.
(v) The localization of OK at a prime ideal is a discrete valuation ring for some
discrete valuation ν on K
(vi) If ν is a discrete valuation on K then P = { α ∈ OK : ν(α) > 0 } is a
prime ideal of OK and the localization of OK at the prime ideal P corresponds
to the discrete valuation ring of ν.
(vii) OK is a free Z module of degree [K : Q].
For each non-archimedean place v of K we wish to explicitly characterize the
absolute value | · |v in terms of its naturally associated discrete valuation ring . We
first note the following lemma whose proof is a simple exercise. ( Lemma 1.7.2 was
contained in [Val07]. )
Lemma 1.7.2. ( Absolute Values on Integral Domains ) Let R be an integral
domain and let K be its field of fractions. Assume that the map || · || : R −→ [0,∞)
satisfies the following three conditions
(1) ||x|| = 0 if and only if x = 0,
(2) ||x · y|| = ||x|| · ||y|| for all x and y ∈ R
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(3)
∣∣∣∣ x+ y ∣∣∣∣ ≤ ||x||+ ||y|| for all x and y ∈ R
Then there exists a unique absolute value | · | : K −→ [0,∞) such that |x| = ||x||
for all x ∈ R. If || · || satisfies the strong triangle inequality
(4)
∣∣∣∣ x+ y ∣∣∣∣ ≤ max{ ||x||, ||y|| } for all x and y ∈ R,
then | · | on K is a non-archimedean absolute value. If a and b 6= 0 are in R and
a/b ∈ K then ∣∣∣∣∣ ab
∣∣∣∣∣ = ||a||||b|| (1.7.3)
It is clear that an absolute value on K induces a map on OK satisfying the
properties listed in Lemma 1.7.2. Consequently, since K is the field of fractions of
OK we need only find all maps || · || : OK −→ [0,∞) that satisfy the properties
listed in Lemma 1.7.2. To this end suppose that || · || is such a map and by Lemma
1.7.2. is associated to a place v of K. Then the set B1 = { α ∈ OK : ||α|| < 1 }
is seen to be a prime ideal of OK that depends on the place v containing | · | and not
on || · || itself. Let p ∈ N be the unique rational prime such that B1
⋂
Z = pZ.
Let Ap be the set of places of K that restrict to the p−adic place of Q. We see
that pOK ⊆ B1OK. Let Ip = { B1, . . . , Bt } be the set of prime ideals of
OK such that Bi
⋂
Z = pZ and let { e1, . . . , et } ⊂ N
⋃
{0}. Suppose
that pOK = Be11 · · ·B
et
t . Define νB1 : O
×





{ 0 } the maximal power of B1 in the unique factorization of the ideal
αOK into a product of powers of prime ideals as in (iii) of Theorem 1.8.1, let
νB1(α) = n1 (1.7.4)
Then ||α||B1 = p−νB1 (α) defines a map of from OK to [0,∞) satisfying the properties
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listed in Lemma 1.7.2. We see that the induced absolute value on K is in the same
place as the absolute value induced by the map || · ||. Since νB1(p) = e1 it follows
that ||β||v = p
− 1
e1
νB1 (β) for all β ∈ O×K . We thus have a simple characterization of
the absolute values || · ||v for non-archimedean places v in terms of the unique prime
ideal factorization of pOK where v ∈ Ap.
1.8 Decomposition Groups of Prime Ideals in OK
Let p ∈ N be a rational prime. Let K/Q be a finite Galois extension and set
G = Aut( K/Q ). Let Ap = { v1, . . . , vt } ( where t ∈ N ) be the finite set of
places of K restricting to the unique place of Q containing | · |p. For vi ∈ Ap let
Bi = { α ∈ OK : |α|vi < 1 }. Then Ip = { B1, . . . , Bt } is the complete
set of prime ideals of OK such that Bi
⋂
Z = pZ. As Bi ∈ Ip is a prime and thus
maximal ideal of OK and p ∈ Bi, the field OK/Bi is clearly of characteristic p and
by property (vii) of Theorem 1.7.1 we can see that [ (OK/Bi) : Fp ] is finite. From
basic Algebra we know that [ (OK/Bi) : Fp ] is a cyclic Galois extension. We will
denote GBi = Aut
(
( OK / Bi )/ Fp
)
. We set f = [(OK/Bi) : Fp] and refer to
f as the residue class degree of Bi. It is a fact ( Theorem 6.1.1 of [Koc00] ) that





We call e the ramification index of p in K. It also follows from Theorem 6.1.1 of
[Koc00] that for all Bi and Bj ∈ Ip, [ (OK/Bi) : Fp ] = [ (OK/Bj) : Fp ]. We
thus refer to this quantity as the residue class degree of p in K.
Given g ∈ G and Bi ∈ Ip we define
g(Bi) =
{




and we note that g(Bi) ∈ Ip. We define the decomposition group of Bi as
ZBi =
{
g ∈ G : g(Bi) = Bi
}
(1.8.3)
and note that ZBi ≤ G.
We define the inertia group of Bi as
GBi,0 =
{
g ∈ G : α− g(α) ∈ Bi for all α ∈ OK
}
(1.8.4)
and note that GBi,0 E ZBi .
For n ∈ N we define the n-th ramification group of Bi as
GBi,n =
{
g ∈ G : α− g(α) ∈ Bn+1i for all α ∈ OK
}
(1.8.5)
and we note that for all n ∈ N we have GBi,n E GBi,n−1. We now state as a
theorem many properties of decompostion groups that we will use later and whose
proof can be found in Section 6.1 of [Koc00].
Theorem 1.8.1. ( Properties of Decomposition Groups ) Let K/Q be a
finite Galois extension, G = Aut( K/Q ) and p ∈ N a rational prime with ramifi-
cation index e and residue class degree f in K. Let Ip = { B1, . . . , Bt } ( where
t ∈ N ) be the finite set of prime ideals of OK such that Bi
⋂
Z = pZ. Then
(i) G acts transitively on Ip and for Bi and Bj ∈ Ip and g ∈ G such that
g(Bi) = Bj we have gZBi g
−1 = ZBj ,
(ii) For all Bi ∈ Ip we have
∣∣ GBi,0 ∣∣ = e, ZBi / GBi,0 is cyclic of degree f
and GBi = ZBi / GBi,0
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(iii) GBi,n = { 1 } for sufficiently large n ∈ N,
(iv) There exists an injective homomorphism




(v) For all n ∈ N, there exists an injective homomorphism




From property (iv) we see that GBi,0 / GBi,1 is a cyclic group whose order is a
divisor of pf − 1 and that GBi,1 is the unique Sylow-p subgroup of GBi,0. From
property (v) we see that GBi,n / GBi,n+1 is a finite abelian group of exponent p.
From property (ii) and by considering the sequence
ZBi ⊇ GBi,0 ⊇ GBi,1 ⊇ · · · ⊇ GBi,m = { 1 } (1.8.6)
we can see that the decomposition group ZBi is solvable.
Let φ : ZBi −→ ZBi / GBi,0 be the natural projection homomorphism. If
g ∈ G such that 〈 φ(g) 〉 = ZBi then will will say that g acts as the Frobenius auto-
morphism on OK/Bi. If α ∈ OK and 〈φ(g)〉 = ZBi then from elementary Algebra
g(α) − αp ∈ Bi. In coset notation, φ(g)(α) = αp and if [( OK/Bi ) : Fp] = m
then αp
m − α ∈ Bi.
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1.9 The Stabilizer of a non-Archimedean Place of K
Let K/Q be a finite Galois extension and let G ≡ Aut( K/Q ). Let p ∈ N be a
rational prime and let Ap = { v1, . . . . , vt } ( where t ∈ N ) be the finite set
of places of K extending the place of Q represented by | · |p. For each vi ∈ Ap let
Bi = { α ∈ OK : |α|p < 1 }. Then Ip = { B1, . . . , Bt } is the complete set




ψ : OK / Bi −→ Fvi (1.9.1)
defined by
ψ(α+ Bi) = α + Mvi
we see that
[( OK/Bi ) : Fp] ≤ [ Fvi : Fp]
Now let β ∈ Ovi . By (v) and (vi) of Theorem 1.7.1 there exist a, b ∈ OK such
that β = a/b and |b|vi = 1. Let m = [( OK/Bi ) : Fp]. and consider the equation
(a/b)p









m − ab ∈ Mvi , ap
m − a ∈ Mvi , bp
m+1 ∈ Uvi , and bp
m
+ b ∈ Ovi
we see that βp
m − β ∈ Mvi .
As a result
[( OK/Bi ) : Fp ] ≥ [ Fvi : Fp ]
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and so
[( OK/Bi ) : Fp] = [ Fvi : Fp ] (1.9.2)
Thus the injection in equation (1.9.1) is a surjection and consequently a field iso-
morphism. We can thus set
Gvi = GBi = Aut( Fvi / Fp ) (1.9.3)
We define the stabilizer of the place vi ∈ Ap as
Zvi =
{
σ ∈ G : | · |σvi = | · |vi
}
(1.9.4)
and we can easily show that Zvi = ZBi .
We define the inertia group of vi as
Gvi,0 =
{
σ ∈ G : σ(α)− α ∈ Mvi for all α ∈ Ovi
}
(1.9.5)
We can easily see that Gvi,0 ≤ GBi,0. Let α ∈ Ovi then by Lemma 1.7.1 (iv) and
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(v) α = a/b where a, b ∈ OK and |b|vi = 1. Let σ ∈ GBi,0. Then





σ(a) · b− σ(b) · a
b · σ(b)
=
(σ(a)− a)(σ(b) + b) + (ab− σ(ab))
b · σ(b)
∈ Mvi
So that σ ∈ Gvi,0. We thus have the inclusion GBi,0 ≤ Gvi,0 and consequently
the equality
GBi,0 = Gvi,0 (1.9.6)
For n ∈ N we define the n− th ramification group of vi as
Gvi,n =
{
σ ∈ G : σ(α)− α ∈ Mn+1vi for all α ∈ Ovi
}
(1.9.7)
As in the case n = 0, it is easy to deduce that
GBi,n = Gvi,n for all n ∈ N and vi ∈ Ap (1.9.8)
Let φ : Zvi −→ Gvi = Aut( Fvi / Fp ) be the natural projection homomor-
phism. If g ∈ Zvi is such that 〈φ(g)〉 = Zvi then for all α ∈ Ovi and s ∈ N we
have
gs(α)− αps ∈ Mvi (1.9.9)
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and we say that g acts as the Frobenius automorphism on Fvi . Theorem 1.8.1 can
clearly be extended to Zvi and Fvi by replacing Bi with vi.
Theorem 1.9.1. ( Properties of Non-Archimedean Stabilizers ) Let K/Q
be a finite Galois extension, G = Aut( K/Q ) and p ∈ N a rational prime with
ramification index e and residue class degree f in K. Let Ap = { v1, . . . , vt } (
where t ∈ N ) be the finite set of places of K that restrict to the p−adic place of Q.
Then
(i) G acts transitively on Ap and for vi and vj ∈ Ap and g ∈ G such that
g(vi) = vj we have gZvi g
−1 = Zvj ,
(ii) For all vi ∈ Ap we have
∣∣ Gvi,0 ∣∣ = e, Zvi / Gvi,0 is cyclic of degree f and
Gvi = Zvi / Gvi,0
(iii) Gvi,n = { 1 } for sufficiently large n ∈ N,
(iv) There exists an injective homomorphism




(v) For all n ∈ N, there exists an injective homomorphism




From property (iv) we see that Gvi,0 / Gvi,1 is a cyclic group whose order is a divisor
of pf − 1 and that Gvi,1 is the unique Sylow-p subgroup of Gvi,0. From property (v)
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we see that Gvi,n / Gvi,n+1 is a finite abelian group of exponent p. From property
(ii) and by considering the sequence
Zvi ⊇ Gvi,0 ⊇ Gvi,1 ⊇ · · · ⊇ Gvi,m = { 1 } (1.9.10)
we can see that the stabilizer Zvi is solvable.
Let K/Q be a finite Galois extension. Let G = Aut( K/Q ). Let η : K ↪→ C be
a fixed embedding and let ξ ∈ G correspond to complex conjugation with respect to
η. Let || · ||∞ be the usual archimedean absolute value on C. Then, from Theorem
1.5.2, || · ||∞ ◦ η defines an archimedean absolute value on K and every archimedean
absolute value on K is of this form. Let v be the place of K containing || · ||∞ ◦ η. As
in the non-archimedean case define
Zv ≡
{
σ ∈ G : | · |σv = | · |v
}
It is clear that Zv = 〈ξ〉.
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Chapter 2
The Absolute Weil Height
2.1 Definition
Let E ⊂ K be finite extensions of Q and let u be a place of E. Let Au = { v1, . . . , vt }
be the set of places of K that restrict to u on E. For α ∈ K we have by Theorems
1.5.1 and 1.5.2
[K : E] =
∑
Au












We note the following elementary identities
[K : Q] = [K : E][E : Q] (2.1.4)
[Kv : Qu] = [Kv : Eu][Eu : Qu] (2.1.5)
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which we use to derive the following
|α|v =
∣∣∣∣∣∣ α ∣∣∣∣∣∣[Kv :Qu]/[K:Q]
v
=











This last equality is equality (2.1.6).







and in the case that α ∈ E ∏
Au
|α|v = |α|u (2.1.8)
From equation (2.1.6) we can deduce that if α ∈ E such that |α|u < 1 then
for all v ∈ Au we have |α|v < 1 and if α ∈ E such that |α|u > 1 then for all
v ∈ Au we have |α|v > 1. From these remarks and equation (2.1.8) we can define
the absolute logarithmic Weil height, h : Q× −→ [0,∞) as follows. Let α ∈ Q×
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Our first remark concerning the absolute Weil height is about its invariance with
respect to Galois conjugation. Let β be a Galois conjugate of α. It then follows
from Theorem 1.6.1 and equation (2.1.9) that
h(α) = h(β) (2.2.1)
The absolute Weil height is thus a function on the set of irreducible polynomials
with coefficients in Z. The following theorem was established by Kronecker [Kro57].
Theorem 2.2.1. ( Kronecker ) Let α ∈ Q×. Then
h(α) = 0 if and only if α ∈ Tor( Q× ) (2.2.2)
Proof. Let α ∈ Q× be an algebraic number such that h(α) = 0. Let { α1, . . . , αd }
be the set of Galois conjugates of α. At every place v of Q(α), we have |α|v ≤ 1.




(x− αni ) (2.2.3)
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The coefficients of the fn(x) are symmetric functions of { α1, . . . , αd } and






i ∈ { 0, . . . , d }. We define, for each n ∈ N
Fn =
{





and we recognize that the set { Fn : n ∈ N } is finite. Let (bn)n∈N be a sequence





where bj 6= bi. We consequently deduce that α1 and consequently α is a root of
unity.
We now describe the variatons on the absolute logarithmic Weil height with
respect to raising nonzero algebraic numbers to rational powers. In the following,
|| · ||∞ will denote the usual archimedean absolute value on C.
Lemma 2.2.2. ( Height and Powers ) Let α ∈ Q× and w ∈ Q. Then
h( αw ) =
∣∣∣∣w∣∣∣∣∞ · h( α )







log+ |α|v − log− |α|v (2.2.5)


























Using equation (2.2.8) we can deduce that for w ∈ Q and α ∈ Q× we have
h(αw) =
∣∣∣∣w∣∣∣∣∞ · h(α) (2.2.9)
Lemma 2.2.3. ( Galois Conjugates ) Let α, β ∈ Q× be Galois conjugates such
that there exists i, j ∈ N, i 6= j such that
αi = βj
Then α, β ∈ Tor( Q× ).
Proof. By equations (2.2.1) and (2.2.9), this implies that i · h(α) = j · h(α) and
consequently that h(α) = 0. By Theorem 2.2.1, α ∈ Tor( Q× ).

























Proof. Let K ≡ Q(α1, . . . . , αt). As before, let AK be the set of places of K. For
all but finitely many v ∈ AK we have |αi|v = 1 for all i ∈ { 1, . . . , t }. We



































from which we obtain inequality (2.2.10)














































Since for all but finitely many v ∈ AK we have |αi|v = 1 for all i ∈ { 1, . . . , t },













































































































from which the proof of inequality (2.2.11) is now complete. .
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Let ζm ∈ Tor( Q






The logarithmic absolute Weil height is thus a function on the quotient group
Q
×
/ Tor( Q× ).
Lemma 2.2.5. ( The Height as a Metric ) Let Q ≡ Q× / Tor( Q× ) and
define










Then d is a metric on Q.
Proof. Let α, β, and γ ∈ Q. Suppose that d(α, β) = 0 then h(α · β−1) = 0.
From Theorem 2.2.1, α ·β−1 = 1 or equivalently α = β. Since Q is abelian, we have,
using equation 2.2.9, that d(α, β) = d(β, α). It is clear that d(α, β) = d(α · γ, γ · β)
and from Lemma 2.2.4 that d(α · γ, γ · β) ≤ d(α, γ) + d(γ, β).
It is known that (Q, d) is not complete ( Vaaler [Val07] ). Let G denote
the completion of (Q, d). Allcock Vaaler [Val07] has recently studied G and identi-
fied fundamental properties of this complete metric space.
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2.3 Lower Bounds for the Height
In this section, we describe several results providing lower bounds on the Weil height
of algebraic numbers different from zero and the roots of unity. Part of this thesis
is about such bounds. The establishment of upper bounds for the Weil height of
algebraic numbers is a separate area of research.
In this section, || · ||∞ will denote the usual archimedean absolute value on
C. For an algebraic number field K, we let AK,∞ be the set of archimedean places
of K. For K a finite Galois extension of Q let
UK,∞ ≡
{





UK,∞, where the union is over all finite Galois extensions of Q. We
have that U∞ is a multiplicative group, Tor( Q
× ) E U∞ and
h :
(




is well defined. The following theorem is a special case of a more general result due to
Schinzel, Corollary 1 of [Sch73] applied to the polynomial P (z) = z−α and α 6∈ U∞.
Theorem 2.3.1. ( Schinzel ) Let α be a nonzero algebraic integer, α 6∈ U∞.












with equality only in the case ± α a root of x2 − x− 1 or x2 + x− 1.
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We note that the proofs of Schinzel’s more general results are lengthy and
that G. Hoehn and N.P. Skoruppa [Hoe93] have provided a one page proof of in-
equality (2.3.1) for the case α totally real.
Let K/Q be a finite Galois extension with G ≡ Aut( K/Q ). Suppose that G
is Abelian. Let η : K ↪→ C be an embedding and let ξ ∈ G correspond to complex
conjugation with respect to η. Let F〈ξ〉 be the subfield of K fixed by ξ. Let α ∈ K×
and α 6∈ U∞ be not real under η. Then Q(α) is a totally complex quadratic extension
of the totally real field Q(α)
⋂










F. Amoroso and R. Dvornicich expanded on this observation by analyzing
U∞,K. In [Am00a] they were able to establish the following.
Theorem 2.3.2. (Amoroso and Dvornicich) Let m ∈ N and let ζm be a





























, if 385 | m.
and if 4 | m and there is no root of unity ζ ∈ K such that α · ζ is contained in a
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The Kronecker-Weber Theorem ( see page 200 of [Koc00] ) states that every abelian
extension of Q is contained in a cyclotomic extension of Q and hence the Theorem of
Amoroso and Dvornicich covers all algebraic numbers (different from zero and the
roots of unity) contained in abelian extensions of Q.
Each of the lower bounds in Theorem 2.3.2 is less than the lower bound of
inequality (2.3.1) and the lowest is 112 · log 5. Amoroso and Dvornicich point out
that this number is not known to be the smallest possible and identify 112 · log 7 as
their lowest known abelian height. We thus propose the following research problem.
Research Problem 1. What is the smallest positive Abelian height?
As a special case of a more general result, S. Zhang [Zha92] proved the
following
Theorem 2.3.3. ( Zhang ) Let α be an algebraic number different from 0, 1
and the primitive sixth roots of unity. Then there exists an absolute constant C > 0
such that
h(α) + h(1− α) ≥ C (2.3.2)
D. Zagier [Zag93] found the best possible C, provided an elementary proof
of the inequality (2.3.2), and identified all cases of equality.
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with equality if and only if α or 1− α is a primitive 10-th root of unity.
As a corollary ( Corollary 2.1 of [Beu97] ) of a more general theorem, F.
Beukers and D. Zagier generalized Theorem 2.3.4 with the following result.
































implies that α is a primitive sixth root of unity, we see that this new result strictly
contains inequality (2.3.3). Beukers and Zagier note that for r ≥ 4 equality is at-
tained in inequality (2.3.5) for α1 = −ζ5, α2 = 1 + ζ5, α3 = ζr−2, . . . , αr = ζr−3r−2 .
Recently, C. Samuels [Sam06] has extended Theorem 2.3.5 by allowing N to
be a totally real algebraic integer. By letting α be totally real and different from
±1 his new result recovers inequality 2.3.1.
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Theorem 2.3.6. ( Samuels ) Let N be a totally real algebraic integer and let
α1, . . . , αr ∈ Q
× be such that
r∑
i=1




















It is worth mentioning that P.E. Blanskby and H.L. Montgomery [Bla71]
considered a similar problem and established the following.
Theorem 2.3.7. ( Blanksby and Montgomery ) Let s, n ∈ N. Let α
be an algebraic integer of degree n > 1. Let α1, . . . , αn be the distint Galois
conjugates of α and let |α| = max
1≤i≤n
||αi||∞. Suppose that α has 2 ·s non real Galois
conjugates and at least one real Galois conjugate. Then
|α| > 1 + log(s+ 2)
16 · (s+ 2)2
(2.3.9)
We conclude this section by reporting a work of G.P. Dresden [Dre98]. He
was able to extend Theorem 2.3.4 with the following
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Theorem 2.3.8. ( Dresden ) Let α be an algebraic number different from 0 and
1.
























with equality for α any root of
P (z) = z6 − 3z5 + 5z4 − 5z3 − 3z + 1
= (z2 − z + 1)3 − (z2 − z)2
In the next section, we will make a contribution to these types of results and pose
a natural research problem concerning the work of Samuels, Zagier and Beukers.
2.4 The Height of Complex Conjugation
The following observation was made in 2007 and is a generalization of Theorem 2.3.1.
Theorem 2.4.1. ( Garza ) Let α ∈ Q× − Tor( Q× ). Let K be the Galois
closure of Q(α). Let η : K ↪→ C be an embedding. Let Λ be the set of Galois conju-
gates of α that are real with respect to η. Suppose that |Λ| 6= 0. Let d = [Q(α) : Q]
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Proof. Let || · ||∞ be the usual archimedean absolute value on C. Let δ ≡ 1 − α2.








By the ultrametic inequality, for each v - ∞ we have that bv ≤ 1.




















For γ ∈ Λ such that ||γ||∞ > 1 we define γ
′
= 1/γ and for γ ∈ Λ such that ||γ||∞ < 1
we define γ
′














































By the triangle inequality, ∀ v | ∞ we have bv ≤ 2. Let AK be the set of








dv = d and from the Galois action on places

























log bv + 2 · log+ ||α||v
)






















































We notice that for a fixed d and Rα, if h(α) decreases the right hand side of
the inequality increases. As a result, the inequality implies a lower bound on h(α).















(ed·h(α))2/dRα ≥ 2β · (e
d·h(α))4/dRα
(ed·h(α))4/dRα − 1
1 ≥ 2β · (e
d·h(α))2/dRα
(ed·h(α))4/dRα − 1
(ed·h(α))4/dRα − 1 ≥ 2β · (ed·h(α))2/dRα
(ed·h(α))4/dRα − 2β · (ed·h(α))2/dRα − 1 ≥ 0








We are able to establish the following theorem which applies to all nonzero
algebraic numbers outside the multiplicave group U∞.
Theorem 2.4.2. ( Garza ) Let K/Q be a Galois extension of finite degree.
Let G ≡ Aut( K/Q ). Let α ∈ K× − U∞,K. Let σ : K ↪→ C be an em-
bedding. Let ξ ∈ G correspond to complex conjugation with respect to σ. Let
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Proof. If, with respect to σ, α does not have a real Galois conjugate let γ ≡ α ·ξ(α)
and if α has a real Galois conjugate, τ , let γ = τ2. Since α 6∈ U∞ we can assume
that γ > 1. Let HQ(γ) denote the subgroup of G that fixes the field Q(γ). Let
NG(HQ(γ)) = { x ∈ G : xHQ(γ)x−1 = HQ(γ) }. From Galois theory we recall that









Consequently, at least 1/n of the elements of the orbit of Q(γ) under G/NG(HQ(γ))
are the images of Q(γ) by elements of ZG(ξ) so that at least 1/n of the Galois conju-
gates of γ are real and positive under σ. It then follows as in the proof of Theorem








Suppose that α ∈ U∞ and let K be the Galois closure of Q(α). Let
α1, . . . , αd be the distinct Galois conjugates of α and let G ≡ Aut( K/Q ).
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Let σ : K ↪→ C be a fixed embedding of K into C. Let ξ ∈ G correspond to com-
plex conjugation with respect to σ. Then, since α ∈ U∞ we have ξ(αi) = 1/αi for
1 ≤ i ≤ d. From this, we conclude that ξ ∈ ZG. We can thus formulate the follow-
ing corollary to Theorem 2.4.1 which does not mention the exceptional numbers, U∞.
Corollary 2.4.3. ( Garza ) Let α ∈ Q× −Tor( Q× ). Let K be the Galois closure









Similar to the manner in which Amoroso and Dvornicich [Am00a] extended
the work of Schinzel [Sch73] by analyzing the multiplicative group U∞ / Tor( Q
× )
we suggest a new research effort to extend our Theorem 2.4.1 to cover the excep-
tional group U∞ / Tor( Q
× ).
Reasearch Problem 2. Study the group U∞ / Tor( Q
× ) and extend
Corollary 2.4.3 in the same manner that Amoroso and Dvornicich [Am00a]
extended the result of Schinzel [Sch73].
We now revisit the result of C. Samuels [Sam06], F. Beukers and D. Za-
gier [Beu97] and propose the following.
Research Problem 3. Let N be an algebraic integer. Let K be the Galois
closure of Q(N). Let η : K ↪→ C be an embedding. Let Λ be the set of
Galois conjugates of N that are real under η. Suppose that |Λ| 6= 0. Define
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RN ≡ |Λ|/[Q(N) : Q] and β ≡ 1− 1/Rα. Let α1, . . . , αr ∈ Q
×. If
α1 + · · ·+ αr = N 6=
1
α1
+ · · ·+ 1
α1
+ · · ·+ 1
αr













Let K/Q be a finite Galois extension. In this section we use non-archimedean places
to translate information about G ≡ Aut( K/Q ) into lower bounds on the height
of α ∈ K× − Tor( K× ). Unlike the previous section where U∞ was exceptional,
the non-archimedean methods do not distiguish between α ∈ U∞ and α 6∈ U∞.
We will use the structure of the stabilizer of a non-archimedean place as presented
in Section 1.9. Similar and related results can be found in [Mig78], [Am00b] and
[Bom02].
Lemma 2.5.1. Let K/Q be a finite Galois extension and let p ∈ N be a ra-
tional prime with ramification index e in K. Let Ap = { v1, . . . , vt } ( where
t ∈ N ) be the set of places of K extending the p-adic place of Q. For vi ∈ Ap
let Mvi = { α ∈ K : |α|vi < 1 }. Let s ∈ N and s ≤ t. Let β ∈ K× and
a1, . . . , as ∈ N
⋃






















Proof. Let Bi = Mvi
⋂
OK and let νBi : OK −→ N
⋃
{ 0 } be the valuation on OK
associated to Bi as defined by equation (1.7.4). From Theorem 1.1.1 and Section 1.4,
for each φ ∈ vi there exists ρ ∈ (0, 1) such that for all γ ∈ K×, φ(γ) = ρ−νBi (γ).
Since νBi(p) = e and ||p||vi = p−1, the ρ associated to || · ||vi is p−1/e. Since K/Q
is Galois, the local degrees of each place in Ap are equal. By Theorem 1.5.1, their
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sum is [K : Q] so that the ρ associated to | · |vi is p−1/et. Let πi be a uniformizing


















Lemma 2.5.2. Let m, n ∈ N. Let ω ∈ Q× and let d = [Q(ω) : Q]. Let K
be the Galois closure of Q(ω). Let ω1, . . . , ωn be n distinct Galois conjugates of
ω. For each k ∈ { 1, . . . , m } and j ∈ { 1, . . . , n } let ck ∈ Z − { 0 },
ζk ∈ Tor( Q
× ) and bj,k ∈ N
⋃





























































If δ 6= 0, then B ≤ 1, A ≤ L, B ·A ≤ 1, and
M · h(ω) = − log( A ·B )

















































As before, let AK be the set of places of K. From Theorems 1.5.3 (The









log a (dv/d)v +
n∑
j=1






log b (dv/d)v +
n∑
j=1
Mj log+ |ωj |v
)
= logB + logA+M · h(ω) (2.5.2)
From inequality (1.1.1), equation (1.5.2) and the ordinary triangle inequality we
deduce that B ≤ 1 and A ≤ L.
Lemma 2.5.3. Let K/Q be a finite Galois extension with G ≡ Aut( K/Q ). Let
p ∈ N be an odd rational prime that does not ramify in K. Let Ap = { v1, . . . , vt }
( where t ∈ N ) be the finite set of places of K that restrict to the p−adic place of
Q. For vi ∈ Ap, let Zvi = 〈 Φvi 〉 ≤ G be the stabilizer of vi. Let s ∈ N and
n = [G : ZG(Φsvi)]. If
m ∈ N such that pm/n > 2
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and




log pm/n − log 2
pm−1 · (1 + ps)
)
(2.5.3)
Proof. From Theorem 1.9.1(i) we can assume, without a loss of generality, that




Let Rβ be the subset of { v1, . . . , vt/n } such that β ∈ Ovi and let
Sβ = { v1, . . . , vt/n } − Rβ. For vi ∈ Rβ we have by inclusion (1.9.9) that
Φsv1(β)− β
ps ∈ Mvi (2.5.5)

























is divisible by p






and Mvi is an ideal of Ovi we have
Φsv1(β
p)− βps+1 ∈ M2vi (2.5.8)
By induction we have
Φsv1(β
pm−1)− βps+m−1 ∈ Mmvi (2.5.9)
Moreover, from Lemma 2.2.3 we know that
Φsv1(β
pm−1)− βps+m−1 6= 0
For each vi ∈ { v1, . . . , vt/n } define bvi as
bvi ≡












From Lemma 2.5.1 and inequality (2.5.9), for vi ∈ Rβ we have
bvi ≤ p−m/t (2.5.11)









bvi ≤ p−m/n (2.5.13)
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It then follows from Lemma 2.5.2 that
pm−1 · (1 + ps) · h(β) ≥ log pm/n − log 2
Lemma 2.5.4. Let K/Q be a finite Galois extension such that 2 does not ramify in
K. Let G ≡ Aut( K/Q ). Let A2 = { v1, . . . , vt } ( where t ∈ N ) be the set of
places of K that restrict to the 2−adic place of Q. For vi ∈ A2, let Zvi = 〈Φvi〉 ≤ G
be the stabilizer of vi. Let s ∈ N and let n = [G : ZG(Φsvi)].









2m−1 · (1 + 2s)
)
(2.5.14)
Proof. From Theorem 1.9.1.(i) we can assume, without a loss of generality, that
Φsv1 = · · · = Φ
s
t/n (2.5.15)
Let Rβ be the subset of { v1, . . . , vt/n } such that β ∈ Ovi and let
Sβ = { v1, . . . , vt/n } − Rβ. For vi ∈ Rβ we have by inclusion (1.9.9) that
Φsv1(β)− β
2s ∈ Mvi (2.5.16)
Since
2 · β2s ∈ Mvi (2.5.17)
and Mvi is an ideal it follows from inclusions (2.5.16) and (2.5.17) that
Φsv1(β) + β
2s ∈ Mvi (2.5.18)
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from the difference of squares formula it follows from inclusions (2.5.16) and (2.5.18)
that
Φsv1(β
2)− β2s+1 ∈ M2vi (2.5.19)
By induction,
Φsv1(β
2m−1)− β2s+m−1 ∈ Mmvi (2.5.20)
Moreover, we know from Lemma 2.2.3 that
Φsv1(β
2m−1)− β2s+m−1 6= 0
For each vi ∈ { v1, . . . , vt } define bvi by
bvi ≡














From inclusion (2.5.20) and Lemma 2.5.1 we have that for vi ∈ Rβ
bvi ≤ 2−m/t (2.5.22)








bvi ≤ 2−m/n (2.5.24)
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It then follows from Lemma 2.5.2 that






Lemma 2.5.5. Let K/Q be a finite Galois extension with G = Aut( K/Q ). Let
p ∈ N be an odd prime that ramifies in K with ramification index e. Let v1 be a
place of K restricting to the p−adic place of Q. For j ∈ {0}
⋃
N let Gv1,j ≤ G
be the j−th ramification group of v1. Let m ∈ {0}
⋃
N be maximal such that
Gv1,m 6= {1}. Let n = [G : NG(Gv1,m)]. Let a ∈ {0}
⋃
N be maximal such that
pa−1(m+ 1)(p− 1) ≤ e. For r ∈ {0}
⋃
N define ωp(r,K) ∈ N by
ωp(r,K) =
 p
r · (m+ 1) if r ≤ a
pa · (m+ 1) + (r − a) · e if r > a
If s ∈ N
⋃






























Proof. Let Ap = { v1, . . . , vt } ( where t ∈ N ) be the set of places of K that
restrict to the p−adic place on Q. For vj ∈ Ap and k ∈ N
⋃
{ 0 } let Gvj ,k be the
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k − th ramification group of vj . From Theorem 1.9.1(i) for each vj ∈ Ap there
exists g1j ∈ G such that
Gvj ,m = g1j Gv1,m g
−1
1j (2.5.26)
We may thus suppose, without a loss of generality, that
Gv1,m = · · · = Gvt/n,m (2.5.27)
Let Rβ be the subset of { v1, . . . , vt/n } such that β ∈ Ovi and let
Sβ = { v1, . . . , vt/n } − Rβ. From equation (1.9.7) we have for all vj ∈ Rβ

















)i ·(βp−2i − σ(β)p−2i) (2.5.30)





is divisible by p. It
consequently follows that
βp − σ(βp) ∈ Mωp(1,K)vj (2.5.31)
By induction, for all s ∈ N
βp
s − σ(βps) ∈ Mωp(s,K)vj (2.5.32)
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For each vj ∈ Ap define bvj by
bvj ≡




























It follows from inequality (2.5.37) and Lemma 2.5.2 that





· log p− log 2
Lemma 2.5.6. Let K/Q be a finite Galois extension with G ≡ Aut( K/Q ).
Suppose that 2 ramifies in K with ramification index e. Let v1 be a place of K re-
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stricting to the 2−adic place of Q. For j ∈ {0}
⋃
N, let Gv1,j ≤ G be the j−th
ramification group of v1. Let m ∈ N
⋃
{0} be maximal such that Gv1,m 6= {1}.
Let n = [G : NG(Gv1,m)] and a ∈ {0}
⋃
N maximal such that 2a−1(m+ 1) ≤ e.
For r ∈ {0}
⋃
N define ω2(r,K) by
ω2(r,K) =
 2
r · (m+ 1) if r ≤ a
2a · (m+ 1) + (r − a) · e if r > a
If s ∈ N
⋃



















Proof. Let A2 = { v1, . . . , vt } ( where t ∈ N) be the set of places of K that
restrict to the 2−adic place of Q. For vj ∈ A2 and k ∈ N
⋃
{ 0 } let Gvj ,k be the
k−th ramification group of vj . By Theorem 1.9.1(i) for each vj ∈ A2 there exists
g1j ∈ G such that
Gvj ,m = g1j Gv1,m g
−1
1j (2.5.39)
We can thus assume, without a loss of generality, that
Gv1,m = · · · = Gvt/n,m (2.5.40)
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Let Rβ be the subset of { v1, . . . , vt/n } such that β ∈ Ovi and let
Sβ = { v1, . . . , vt/n } − Rβ. From equation (1.9.7) we have for all vj ∈ Rβ
that
β − σ(β) ∈ Mm+1vj (2.5.41)
Since 2 · σ(β) ∈ Mvj and Mvj is an ideal we have
β + σ(β) ∈ Mmin{ m+1, e }vj (2.5.42)
From the difference of squares formula and inclusions (2.5.41) and (2.5.42)
β2 − σ(β2) ∈ Mω2(1,K)vj (2.5.43)
by induction
β2
s − σ(β2s) ∈ Mω2(s,K)vj (2.5.44)





For vj ∈ { v1, . . . , vt/n } define bvj by
bvj ≡














For vj ∈ Rβ it follows from Lemma 2.5.1 and inclusion (2.5.43) that
bvj ≤ 2−ω2(s,K)/et (2.5.47)
60
For vj ∈ Sβ it follows from Lemma 2.5.1 and inclusion (2.5.45) that




bvi ≤ 2−ω2(s,K)/en (2.5.49)
It follows from inequality (2.5.49) and Lemma 2.5.2 that
2s+1 · h(β) ≥
(




Lemma 2.5.7. Let K/Q be a finite Galois extension with G ≡ Aut( K/Q ).
Let p ∈ N be a rational prime that ramifies in K with ramification index e. Let v1
be a place of K restricting to the p−adic place of Q. Let Φv1 ∈ G act as a generator
of Aut( Fv1 / Fp ). Let s ∈ N and n = [G : ZG(Φsv1)]. Let a ∈ N
⋃
{0} be
maximal such that pa−1(p− 1) ≤ e. For r ∈ N
⋃
{0} define ωp(r,K) by
ωp(r,K) =
 p
r if r ≤ a



























log p− log 2
pr · (1 + ps)
)
(2.5.50)
Proof. Let Ap = { v1, . . . , vt } ( where t ∈ N ) be the set of places of
K that restrict to the p−adic place of Q and let Φvi ∈ G act as a generator of
Aut( Fvi / Fp ). By Theorem 1.9.1(i), for vj ∈ Ap there exists g1j ∈ G such that





We may thus assume, without a loss of generality, that




Let Rβ be the subset of { v1, . . . , vt/n } such that β ∈ Ovi and let Sβ =
{ v1, . . . , vt/n } − Rβ. For vj ∈ Rβ it follows from inclusion (1.9.9) that
Φsv1(β)− β
ps ∈ Mvj (2.5.53)


































p)− βps+1 ∈ Mωp(1,K)v1 (2.5.56)
and by induction
Φsv1(β
pr)− βps+r ∈ Mωp(r,K)v1 (2.5.57)
For vj ∈ Sβ, 1/β ∈ Ovj and it follows from the same sequence of steps that led






For each vi ∈ { v1, . . . , vt/n } define bvi by
bvi ≡












It follows from Lemma 2.5.1 and inclusion (2.5.57) that for vi ∈ Rβ
bvi ≤ p−ωp(r,K)/et (2.5.60)
It follows from inequality (1.1.1) and inclusion (2.5.58) that for vi ∈ Sβ




bvi ≤ p−ωp(r,K)/en (2.5.62)
It follows from Lemma 2.5.2 that
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· log p− log 2
Lemma 2.5.8. Let K/Q be a finite Galois extension with G ≡ Aut( K/Q ). Suppose
that 2 ramifies in K with ramification index e and let v1 be a place of K restricting
to the 2−adic place of Q. Let Φv1 ∈ G act as a generator of Aut( Fv1 / F2 ). Let
s ∈ N and n = [G : ZG(Φsv1)]. Let a ∈ N
⋃
{0} be maximal such that 2a−1 ≤ e.
For r ∈ N
⋃
{0} define ω2(r,K) by
ω2(r,K) =
 2
r if r ≤ a

















2r · (1 + 2s)
)
(2.5.63)
Proof. Let A2 = { v1, . . . , vt } ( where t ∈ N ) be the set of places of K that
restrict to the 2−adic place of Q. For vi ∈ A2 let Φvi ∈ G act as a generator of
Aut( Fvi / F2 ). By Theorem 1.9.1(i) for vj ∈ A2 there exists g1j ∈ G such that






We can thus suppose, without a loss of generality, that




Let Rβ be the subset of { v1, . . . , vt/n } such that β ∈ Ovi and let Sβ =
{ v1, . . . , vt/n } − Rβ. For vi ∈ Rβ it follows from inclusion (1.9.9) that
Φsv1(β)− β
2s ∈ Mvi (2.5.66)
Since Mvi is an ideal, 2 · βp
s ∈ Mvi and
Φsv1(β) + β
2s ∈ Mvi (2.5.67)
From the difference of squares formula and inclusions (2.5.66) and (2.5.67)
Φsv1(β
2)− β2s+1 ∈ Mω2(1,K)vi (2.5.68)
and by induction
Φsv1(β
2r)− β2s+r ∈ Mω2(r,K)vi (2.5.69)







For each vj ∈ { v1, . . . , vt/n } define bvj by
bvj ≡













It follows from Lemma 2.5.1 and inclusion (2.5.69) that for vj ∈ Rβ
bvj ≤ 2−ω2(r,K)/et (2.5.72)
It follows from inequality (1.1.1) and inclusion (2.5.70) that for vi ∈ Sβ




bvi ≤ 2−ω2(r,K)/en (2.5.74)
It follows from Lemma 2.5.2 that







The following is a theorem of Shafarevich [Sha54].
Theorem 2.6.1. ( Shafarevich ) Let G be a finite solvable group. Then there
exists a finite Galois extension K/Q such that Aut( K/Q ) ≈ G.
For n ∈ N let E2n be the elementary abelian group of order 2n. Then, by Proposi-
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tion 17, Section 4.4 of [Dum99],
Aut(E2n) ≈ GLn( F2 ) (2.6.1)
we can consequently deduce that there exist groups of the form
E2n oρ E2m (2.6.2)
where kerρ = {1} and E2m ≤ GLn( F2 ). From Theorem 2.6.1 there exists an
algebraic number field K such that Aut( K/Q ) ≈ E2n oρ E2m . We can use non-
archimedean estimates to prove the following result that is similar in its hypothesis
and conclusions to Theorem 2.3.2.
Corollary 2.6.2. ( Garza ) Let m, n ∈ N. Let K/Q be a Galois extension such












Proof. Let A3 = { v1, . . . , vt } ( where t ∈ N ) be the set places of K that
restrict to the 3− adic place of Q. Let e be their common ramification index and f
their common residue class degree. It follows from elementary group theory that the
commutator G′ of G is a subgroup of H. Given g ∈ G it follows from the definition
of semidirect products that there exists hg ∈ H and kg ∈ K such that g = hgkg.
It then follows that g2 = [hg, kg] ∈ G′ so that |g| ≤ 4. Consequently, f ≤ 4 and
from Theorem 1.9.1 e divides 34 − 1 = 80 so that e ≤ 16. If e = 1 it follows from
Lemma 2.5.3 that 82 · h(β) ≥ log(3/2). If e > 1 it follows from Lemma 2.5.7 that
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82 · 27 · h(β) ≥ log(3/2).
The following Lemma can be found as Proposition 21 in Section 14.4 of
[Dum99].
Lemma 2.6.3. ( Composition of Galois Extensions ) Let K and F be fi-
nite Galois extensions of Q with Galois groups GK and GF respectively. Then the
composite field FK is Galois over Q with Galois group isomorphic to the subgroup
H =
{
(σ, τ) : σ|FTK = τ |FTK }




Corollary 2.6.4. ( Garza ) Let E be the composite of all Galois extensions of
Q whose Galois groups are isomorphic to B oφ A where A and B are elementary











Proof. Let K be the Galois closure of Q(α). The proof follows by using Lemma
2.6.3 to understand Aut( K/Q ) and by repeating the same steps used in the proof





In this section, || · ||∞ will denote the ordinary archimedean absolute value on C.
In a 1961 paper [Mah61] K. Mahler defined the measure of a polynomial f(x) ∈








In a previous paper [Mah60] Mahler used Jensen’s Formula from complex
analysis to establish the following.
Lemma 3.1.1. (Mahler) Let d ∈ N and a0, . . . , ad ∈ Z such that ad 6= 0 and
a0 6= 0. Let f(x) = a0xd + · · ·+ ad = a0 ·
d∏
i=1
(x− αi) ∈ Z[x]. Then
M(f) =








Let K/Q be a finite extension, p ∈ N a rational prime, and v a place of K
restricting to the p−adic place of Q. Let Kv be the completion of K with respect
to v. Let Kv be an algebraic closure of Kv. We recall from elementary algebra that
the algebraic closures of Kv are unique up to isomorphism. It can be shown that
Kv is not complete ( see Theorem 12 of Chapter III of [Kob77] ). Let Ωv be the
completion of Kv with respect to the unique extension of | · |v to Kv. It is a theorem
that Ωv is algebraically closed ( Theorem 13 of Chapter III of [Kob77] ).
Lemma 3.1.2. Let α be a nonzero algebraic number, [Q(α) : Q] = d, and let
mα,Z be the minimal polynomial of α over Z. Then
log M(mα,Z) = d · h(α) (3.1.3)
Proof. Let α be a nonzero algebraic number of degree d over Q, let K be the Galois
closure of Q(α), and let
mα,Q(x) = xd + a1xd−1 + · · ·+ ad−1x+ ad (3.1.4)
be the minimal polynomial of α over Q. Let α = α1, . . . , αd be the set of Galois















Now restrict v to be non-archimedean and define
Hv(α) = max
{







: z ∈ Ωv and |z|v ≤ 1
}
(3.1.8)
For 1 ≤ i ≤ d let ei be the i−th elementary symmetric polynomial in
α1, . . . , αd and recall from elementary algebra that ai = (−1)d−i · ei. From
inequality (1.1.1) it follows that
|ai|v ≤ max
{ ∣∣∣αn1 · · ·αni∣∣∣
v



























Rv is an integral domain with unique maximal ideal Mv. The residue class
field Rv / Mv is infinite [Val07]. It consequently follows, using equation (1.1.2), the
case of equality in the strong triangle inequality, that there exists ζ ∈ Rv such that
|ζ|v = 1 and for all 1 ≤ i ≤ d




















1, |a1|v , . . . , |ad|v
}
= Hv(α)
We have thus established the inequalities
Hv(α) ≤ µv(α) ≤ νv(α) ≤ Hv(α) (3.1.16)
From which it follows that
Hv(α) = µv(α) = νv(α) (3.1.17)
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It follows from Theorem 1.6.1 that
logµ(α) = [Q(α) : Q] · h(α) (3.1.19)
Let p ∈ N be a rational prime and let Ap = { v1, . . . , vt } ( where t ∈ N)
be the set of places of K that restrict to the p−adic place of Q. From ai = (−1)d−i ·ei
and the Galois action on places, it follows that for vi and vj ∈ Ap
Hvi(α) = Hvj (α) (3.1.20)
It follows from equations (2.1.1) and (1.5.0) that
∏
v - ∞





Hv ∈ Z (3.1.22)
and note that
mα,Z(x) = Cα ·mα,Q(x) (3.1.23)
By considering equations (3.1.2), (3.1.19), and (3.1.23) the proof of Lemma 3.1.2
is complete.
It follows from Lemma 3.1.2 that, for a nonzero algebraic number α we may
define
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M(α) = M(mα,Z) = ed·h(α) (3.1.24)
3.2 Lehmer’s Problem
It follows from equation (3.1.1) that for f, g ∈ Z[x]
M(f · g) = M(f) ·M(g) (3.2.1)
Using equation (3.2.1) we can restate Theorem 2.2.1 as follows
Lemma 3.2.1. (Kronecker) Let f ∈ Z[x]. Then M(f) = 1 if and only if
± f is a product of a power of x and cyclotomic polynomials.
Proof. By equation (3.2.1) we can suppose that f is irreducible. By Theorem
2.2.1 and Lemma 3.1.2. it follows that f is x or is a cyclotomic polynomial.
In 1933 D. Lehmer [Leh33] asked the following question
The following problem arises immediatley. If ε is a positive quantity, to
find a polynomial of the form
f(x) = xr + a1xr−1 + · · ·+ ar
where the a’s are integers, such that the absolute value of the product
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of those roots of f which lie outside the unit circle, lies between 1 and
1+ ε.
This problem is known as Lehmer’s Problem. Lehmer analyzed polynomials of
low degree and identified
l(x) = x10 + x9 − x7 − x6 − x5 − x4 − x3 + x+ 1
as his lowest known Mahler measure (other than 1). M(l) ≈ 1.1762808 remains
the lowest known Mahler measure (other than 1) to this day.
3.3 Reciprocal Polynomials










An algebraic number α 6= 1 is said to be reciprocal if mα,Z(x) is reciprocal. This is
equivalent to 1/α being a Galois conjugate of α.
One of the first results in response to Lehmer’s problem was that of R.
Breusch [Bre51]. He proved that if f ∈ Z[x] is irreducible, monic and non-reciprocal
then M(f) > 1.179. This was a significant result for if α is an algebraic number











and M(α) > 1.179 > M(l). Breusch was not able to identify the lowest non-
reciprocal Mahler measure. This was accomplished by C. Smyth [Smy71]. We
record his result as a theorem
Theorem 3.3.1. (Smyth) Let α be a nonzero and nonreciprocal algebraic number
then
M(α) ≥ x3 − x− 1 (3.3.1)
with equality only for ±αk a the root of the irreducible and non-reciprocal polynomial
x3 − x− 1, k ≥ 1.
3.4 Lengths, Discriminants and Derivatives
In this section, we describe three results of Mahler that were established in the early
1960’s. They represent some of the first progress towards a resolution of Lehmer’s
problem since the 1951 result of R. Breusch [Bre51]. In 1960 [Mah60] Mahler estab-
lished the following.
Theorem 3.4.1. (Mahler) Let d ∈ N and a0, . . . , ad ∈ Z such that a0 6= 0 and
ad 6= 0. Let f ∈ Z[x] be given by
f(x) = a0xd + a1xd−1 + · · ·+ ad−1x+ ad
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Let || · ||∞ be the usual archimedean absolute value on C. Let
L(f) =
∣∣∣∣a0∣∣∣∣∞ + · · · + ∣∣∣∣ad∣∣∣∣∞
Then
2−d · L(f) ≤ M(f) ≤ L(f) (3.4.1)
Proof. Mahler’s proof of inequality (3.4.1) is easy and worth providing here. To
this end, let ξ1, . . , ξd be the roots of f and let Pd denote the set of all nonempty
subsets of { 1, . . . , d }. Since ad 6= 0 these roots are all nonzero. We can suppose,
without a loss of generality, that there exists N ∈ { 1, . . . , d } such that
||ξ1||∞ ≤ ||ξ2||∞ ≤ · · · ≤ ||ξN ||∞ ≤ 1 < ||ξN+1||∞ ≤ · · · ≤ ||ξd||∞ (3.4.2)
































terms of the form
a0ξi1ξi2 · · · ξim (3.4.5)
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L(f) ≤ 2d ·M(f) (3.4.8)
For z ∈ C such that ||z||∞ = 1, it follows from the triangle inequality that
∣∣∣∣f(z)∣∣∣∣∞ ≤ L(f)
As a result, by equation (3.1.1), M(f) ≤ L(f).
Corollary 3.4.2. ( Polynomials of Bounded Measure and Degree ) Let
D ∈ N and T ∈ R, T > 1. Then there exist finitely many polynomials f ∈ Z[x]
of degree ≤ D and M(f) < T .
In 1961 [Mah61] Mahler established the following.
Theorem 3.4.3. (Mahler) Let d ∈ N and let f ∈ Z[x] be of degree d. Let f ′ be
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the derivative of f . Then
M(f ′) ≤ d ·M(f) (3.4.9)
Mahler’s proof of Theorem 3.4.3 is lengthy and hence not included here.
In a different direction, let d ∈ N and let a0, . . . , ad ∈ Z be such that
a0 6= 0 and ad 6= 0. Let f(x) = a0xd + · · ·+ a1x+ a0 ∈ Z[x]. Let α1, . . . , αd be
the roots of f(x). The discriminant of f(x), denoted D(f), is defined as
D(f) = a2d−20 ·
∏
1≤j<k≤d
(αk − αj)2 (3.4.10)
In 1964 [Mah64] Mahler proved the following
Theorem 3.4.4. (Mahler) Let d ∈ N, d ≥ 2 and a0, . . . , ad ∈ Z such that
a0 6= 0 and ad 6= 0. Let || · ||∞ be the usual archimedean absolute value on C. For a












with equality if and only if f has the form
f(x) = a0xd + ad, where
∣∣∣∣a0∣∣∣∣∞ = ∣∣∣∣ad∣∣∣∣∞ > 0 (3.4.12)
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3.5 Unconditional Lower Bounds
From Corollary 3.4.2, we know that if (αi)i∈N is a sequence in Q
× −Tor( Q× ) such
that M(αi) −→ 1 as i −→ ∞ then [Q(αi) : Q] −→ ∞ as i −→ ∞. Bounds for the
Mahler measure of algebraic numbers that depend only on the degree over Q are
called unconditional bounds.
Let α ∈ Q× − Tor( Q× ) and d = [Q(α) : Q]. In 1971, Blanksby and
Montgomery [Bla71] proved that M(α) > 1 + 1/(2d log(6d)). In 1978, C. L. Stewart
[Ste78] used different methods to show that M(α) > 1 + 1/(104d log d). Stewart’s
result is weaker than that of Blanksby and Montgomery, but E. Dobrowolski [Dob79]
improved on Stewart’s methods to show that for each ε > 0 there exists n(ε) such
that for d > n(ε),






and that for d ≥ 3








In 1982, D. C. Cantor and E. G. Strauss [Can82] were able to simplify Do-
browolski’s proof and were able to improve the constant in inequality (3.5.1) to 2−ε.
In 1983, R. Louboutin [Lou83] further improved the constant in inequality (3.5.1)
to 9/4− ε.
Theorem 3.5.1. (Louboutin) Let α ∈ Q× − Tor( Q× ) and d = [Q(α) : Q].
For ε > 0 there exists n(ε) such that if d > n(ε) then

















This result is weaker asymptotically than inequality (3.5.3) but does not require
that d > n(ε).
3.6 Bounds Based on Algebraic Properties
In the absence of a resolution to Lehmer’s Problem we are motivated to pursue con-
ditional lower bounds on the Mahler measure of algebraic numbers different from
zero and the roots of unity. In this pursuit, we are allowed by equation (3.1.2) to
assume that α is an algebraic integer.
Theorem 3.6.1. (Garza) Let K/Q be a finite Galois extension. Let ZAut( K/Q )
be the center of Aut( K/Q ). Let n = [Aut( K/Q ) : ZAut( K/Q )]. Let α ∈
O×K − Tor( O
×







[K : Q] ≥ 2 · n





Proof. Let G = Aut( K/Q ). Let HQ(α) be the subgroup of G that fixes the field
Q(α). From Galois theory we know that ZG
⋂
HQ(α) = {1} from which it fol-
lows that [Q(α) : Q] ≥ |G|/n. By Theorem 2.4.2 we have that h(α) ≥ log H1/(2·n)n .
If [K : Q] = |G| ≥ (2·n2·log a)/ log Hn then, by Lemma 3.1.2, we have M(α) ≥ a .
Among other things, Theorem 3.6.1 shows that if (αi)i∈N is a sequence of
Q
× − Tor( Q× ) such that M(αi) −→ 1 as i −→ ∞, then the index of the center of
the Galois group of the Galois closure of Q(αi) −→∞.
It follows from Theorem 2.3.1 and equation (3.1.23) that if α is an algebraic
integer different from zero and the roots of unity such that Q(α)/Q is an abelian
extension then M(α) ≥ H0. This consequence of Theorem 2.3.1, restricted to alge-
braic integers, is contained within Theorem 3.6.1 with n = 1 and a = (1 +
√
5)/2.
Although Theorem 3.6.1 is conditional in it’s hypothesis, the condition im-
posed is amongst the most natural possible. Moreover, although the condition is
stated in terms of the Galois group of the Galois closure of Q(α), it follows from
Theorem 2.4.1 and equation (3.1.24) that we can equivalently state our Theorem
as depending on the fraction of Galois conjugates of α that can be simultaneously
embedded into the real numbers.
3.7 Extremal Polynomials
Let K/Q be a finite extension and define
λK = inf
{
M(α) : α ∈ K× − Tor( K× )
}
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It follows from Corollary 3.4.2 that there exist β ∈ K× − Tor( K× ) such that
M(β) = λK. Define
EK ≡
{
β ∈ K× − Tor( K× ) : M(β) = λK
}
If γ ∈ EK such that [Q(γ) : Q] = min{ [Q(β) : Q] : β ∈ EK } then we will
say that γ is extremal for the Mahler measure in K. The following lemma is due
to J.Vaaler [Val07] and is of importance when implementing Lemmas 2.5.5 and 2.5.6.
Lemma 3.7.1. ( Vaaler ) Let K/Q be a finite extension. Let α ∈ K×−Tor( K× ) be
extremal for the Mahler measure in K× −Tor( K× ). Then for all s ∈ N, Q(αs) =
Q(α).
Proof. Suppose ∃ s ∈ N, s ≥ 2 such that [Q(αs) : Q] < [Q(α) : Q] and let ζs
be a fixed primitive s− th root of unity. Let mα,Q(αs)(x) be the minimal polynomial
of α over the field Q(αs). Since α is a root of xs − αs ∈ Q(αs)[x], we have that
mα,Q(αs)(x) is a divisor of
xs − αs =
s∏
m=1
(x− ζms · α)










β ≡ (−1)r ·mα,Q(αs)(0) = ζLs αr ∈ Q(αs)
and so h(β) = r · h(α) and
log M(β) = [Q(β) : Q] · h(β)
≤ [Q(αs) : Q] · h(β)
= [Q(α) : Q(αs)] · [Q(αs) : Q] · h(α)
= [Q(α) : Q] · h(α)
= log M(α)
Since [Q(β) : Q] < [Q(α) : Q], this contradicts our assumption that α is extremal for





Let m ∈ N, m ≥ 3. In this section, D2·m will be a group with presentation
D2·m = 〈 σ, τ | τ2 = σm = 1, τστ = σ−1 〉 (4.1.1)
and we say that a group G is dihedral if there exists m ∈ N, m ≥ 3 such that
G ≈ D2·m. As a way of extending Section 3.6 we ask if there exists a constant
CD > 1 such that for all α ∈ Q
× − Tor( Q× ), contained in dihedral Galois ex-
tensions of Q, M(α) ≥ CD. We will demostrate that the answer is yes and that
CD = M(x3 − x − 1) is the best possible such constant. Our ability to answer this
question in the affirmative leads to the construction of new research problems.
Let K/Q be a finite Galois extension such that there exists m ∈ N, m ≥ 3
for which G ≡ Aut( K/Q ) ≈ D2·m. Let η : K ↪→ C be an embedding and let
ξ ∈ G correspond to complex conjugation with respect to η. From Theorem 2.4.2
and Lemma 3.1.2 we can suppose that ξ 6∈ ZG. In this case we can also show that
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|ZG(ξ)| ∈ { 2, 4 } so that the archimedean estimates of Theorem 2.4.2 are not
useful.
It follows from Theorem 3.3.1 and equation (3.1.2) that we may suppose
α ∈ K to be a reciprocal algebraic integer. It follows that [Q(α) : Q] is even and
that for all non-archimedean places v of K, |α|v = 1.
4.2 Orders not Divisible by 4
As a necessary and simplifying preliminary step, dihedral extensions of degrees not
divisible by 4 are considered first. Let m ∈ N, m ≥ 3. The distinct elements
of 〈σ〉 oρ 〈τ〉 ≈ D2·m are 1, σ, σ2, . . . , σm−1, τ, στ, . . . , σm−1τ . Conse-




Lemma 4.2.1. ( Algebraic Integers of Degree 2 ) Let α be an algebraic integer
(different from the roots of 1) of degree 2 over Q. Then M(x3 − x− 1) ≤ M(α).
Proof. Since [Q(α) : Q] = 2 we have that Q(α)/Q is abelian so that the Lemma
follows from Theorem 3.6.1 with n = 1 and a = M(x3 − x− 1).
Lemma 4.2.2. ( Quotients of Dihedral Groups ) Let m ∈ N, m ≥ 3 and
let
G = 〈σ〉oφ 〈τ〉 ≈ D2·m
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Suppose that m is composite and that j ∈ N, 1 < j < m is a divisor of m. Then
G / 〈σj〉 ≈
 D2·j if j 6= 2(Z/2Z)× (Z/2Z) if j = 2
Proof. 〈σ〉 E G and 〈σ〉 is cyclic. Subgroups of cyclic groups are characteris-
tic. Characteristic subgroups of normal subgroups are normal. Thus 〈σj〉 E G.
|〈σj〉| = m/j. Therefore, [G : 〈σj〉] = 2j. Let ρ : G → G/〈σj〉 be the natural projec-
tion homomorphism. Then Im(ρ) ≈ G/〈σj〉 and Im(ρ) = 〈ρ(τ), ρ(σ)〉. στ = τσ−1
implies that ρ(σ)ρ(τ) = ρ(τ)(ρ(σ))−1. We have |ρ(τ)| = 2 and |ρ(σ)| = j, so there
exists a presentation for Im(ρ) identical to that for D2·j or (Z/2Z) × (Z/2Z) de-
pending on wether j 6= 2 or j = 2
Lemma 4.2.3. ( Primitive Elements in Galois Extensions ) Let K/Q be
a nonabelian, not totally real, finite Galois extension. Let α ∈ O×K −Tor( O
×
K ) be a
primitive element. Then α is not extremal for the Mahler measure in O×K−Tor( O
×
K ).
Proof. Let η : K ↪→ C be an embedding and let ξ ∈ G = Aut(K/Q) corre-
spond to complex conjugation with respect to η. By Lemma 3.2.1, we can as-
sume that ||α||∞ 6= 1 with respect to η. Let β ≡ α · ξ(α). From inequality
(2.2.10), h(β) ≤ 2 · h(α). Since K is not totally real, [K : Q(β)] ≥ 2. Thus
[Q(β) : Q] · h(β) ≤ 2 · [Q(β) : Q] · h(α) ≤ [Q(α) : Q] · h(α)
and, by Lemma 3.1.2, M(β) ≤ M(α)
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Lemma 4.2.4. ( Galois Extensions of Q of Degree 2p ) Let K/Q be a
Galois extension of degree 2 · p, where p is a rational prime. If α ∈ K× −Tor( K× )
then M(x3 − x− 1) ≤ M(α).
Proof. By Lemma 4.2.3, Theorem 2.3.1 and Lemma 3.1.2 we can assume that
d ≡ [Q(α) : Q] ∈ { 1, 2, p }. If d = 1 then α ∈ Z and so h(α) ≥ log 2. If d = 2, then
by Lemma 4.2.1, M(x3−x−1) ≤ M(α). If d = p and p 6= 2, then, by the Theorem
3.3.1, M(α) ≥ M(x3 − x− 1). So, in all the possible cases, M(α) ≥ M(x3 − x− 1).
Proposition 4.2.5. ( Dihedral Galois Groups not Divisible by 4 ) Let
m ∈ N such that m is odd and m ≥ 3. Let K/Q be a finite Galois extension with
G ≡ Aut( K/Q ) = 〈σ〉oφ 〈τ〉 ≈ D2·m
If α ∈ K× − Tor( K× ), then M(x3 − x− 1) ≤ M(α).
Proof. By Theorem 2.3.1 and Lemma 3.1.2 we may suppose that K is not to-
tally real. The proof will be by induction on the number of prime factors, including
multiplicity, of 2 ·m. By Lemma 4.2.4, Proposition 4.2.5. is true in the case where
m is a prime number.
Let n be the number of prime factors, including multiplicity of 2 ·m. Assume
that for all l ∈ N, l ≥ 3 such that 2 · l has less than n prime factors including
multiplicity, that if F/Q is a Galois extension such that Aut( F/Q ) ≈ D2·l and
γ ∈ F× − Tor( F× ), then M(γ) ≥ M(x3 − x− 1).
By Lemma 4.2.3, we can assume that α is not a primitive element. If
88
[Q(α) : Q] is odd then, by Theorem 3.3.1, M(x3 − x− 1) ≤ M(α).
If [Q(α) : Q] is even, then the subgroup of G fixing the field Q(α) contains a
nontrivial subgroup of 〈σ〉. So, by Lemma 4.2.2, α ∈ V where V is either a dihedral
Galois extension of Q of order containing less than n prime factors or is abelian.
Hence, by the induction hypothesis, M(x3 − x− 1) ≤ M(α).
Let K be the splitting field of the polynomial f(x) = x3 − x − 1. Then
K/Q is a Galois extension and [K : Q] ∈ { 3, 6 }. The discriminant of f(x) is
−23. As a result, (−23)1/2 ∈ K. [Q(−23)1/2 : Q] = 2 so that 2
∣∣ [K : Q] and thus




≈ S3 ≈ D2·3. We thus know, by Proposition
4.2.5, that amongst all polynomials in Z[x] whose splitting fields are contained in
dihedral Galois extensions of Q of degree not divisible by 4, x3 − x − 1 has the
smallest Mahler measure (other than 1).
4.3 Subgroups of Dihedral Groups
By Proposition 4.2.5, we may restrict to consideration of dihedral Galois groups of
orders divisible by four. The subgroups of such groups will be of importance and
the purpose of this section is to identify relevant properties of these subgroups. It
will be helpfull to keep in mind, that if m ∈ N, m ≥ 3, then, as a set
D2·m ≈ 〈σ〉oρ 〈τ〉 = { 1, σ, σ2, . . . , σm−1, τ, στ, . . . , σm−1τ }
Lemma 4.3.1. ( Elements of order 2 ) Let m ∈ N, m ≥ 2. Let G = 〈σ〉oρ 〈τ〉 ≈
D2·2m. The elements of order 2 in G are σiτ for i ∈ { 0, . . . , 2m− 1 } and σm.
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Proof. ∀ i ∈ { 1, . . . , 2m − 1 } we have |σi| = 2m/(2m, i) = 2 if and only
if i = m. Thus, the only power of σ of order 2 is σm. Let j ∈ { 0, . . . , 2m − 1 }
then σjτ · σjτ = σjσ−jττ = 1. So that |σjτ | = 2. Since all elements of G have been
considered, the proof of Lemma 4.3.1 is complete.
Lemma 4.3.2. ( NG(σiτ) ) Let m ∈ N, m ≥ 2. Let G = 〈σ〉oρ 〈τ〉 ≈ D2·2m. Let
i ∈ { 0, . . . , 2m− 1 }. Then NG(〈σiτ〉) = 〈σiτ, σm〉.
Proof. Let j ∈ { 1, . . . , 2m − 1 }. σj(σiτ)σ−j = σjσj(σiτ) = σ2j(σiτ) = σiτ
if and only if σ2j = 1 if and only if j = m. Thus 〈σm, σiτ〉 ≤ NG(〈σiτ〉). Similarly,
for s ∈ { 0, . . . , 2m − 1 } we have σsτ(σiτ)σsτ = σ2s(σ−iτ) = σiτ if and only if
σ2s = σ2i if and only if s = m+ i or s = i. Therefore, since all elements of G have
been considered, NG(〈σiτ〉) = 〈σm, σiτ〉.
Let m ∈ N, m ≥ 2 and let K/Q be a finite Galois extension with G ≡
Aut( K/Q ) ≈ D2·2m. Let η : K ↪→ C be an embedding and let ξ ∈ G correspond
to complex conjugation with respect to η. It follows from Lemmas 4.3.1 and 4.3.2.
that either [G : ZG(ξ)] = 1 or [G : ZG(ξ)] = m. Since we are supposing that ξ 6∈ ZG
it follows that [G : ZG(ξ)] = m so that Theorem 2.4.2 is not of use.
Lemma 4.3.3. ( Cyclic Subgroups ) Let m ∈ N, m ≥ 2. Let G = 〈σ〉oρ 〈τ〉 ≈
D2·2m. The cyclic subgroups of G are 〈σi〉 for i ∈ N a divisor of 2m and 〈σiτ〉
for i ∈ { 0, . . . , 2m− 1 }. For all H ≤ 〈σ〉, we have H E G.
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Proof. Let K be a cyclic subgroup of G. Suppose that there exists i ∈ { 0, . . . , 2m−
1 } such that 〈σiτ〉 / K. By Lemma 4.3.2. NG(〈σiτ〉) = 〈σm, σiτ〉 ≈ Z/2Z×Z/2Z,
so that we have K = 〈σiτ〉. Since all the elements of G have been considered, we
have found all the cyclic subgroups of G. 〈σ〉 is characteristic in G and subgroups of
a cyclic group are characteristic. Characteristic subgroups of a characteristic sub-
group are themselves characteristic. So that if K / 〈σ〉 then K / G.
Lemma 4.3.4. ( The Commutator and the Center ) Let m ∈ N, m ≥ 3
and G = 〈σ〉oρ 〈τ〉 ≈ D2·m. The the commutator subgroup of G is 〈σ2〉. If m is
even, then ZG = 〈σm/2〉.
Proof. G = 〈σ, τ | σm = τ2 = 1, τστ = σ−1〉. Let G′ denote the commutator
subgroup of G. [σ, τ ] = σ−2 so 〈σ−2〉 = 〈σ2〉 ≤ G′ . 〈σ2〉 E G. Let φ : G → G/〈σ2〉
be the natural projection homomorphism. Then, if m is even, |φ(σ)| = 2 and if m
is odd |φ(σ)| = 1. So that φ(σ)−1 = φ(σ). If m is even, we have
φ(G) = 〈 φ(σ), φ(τ) | φ(σ)2 = φ(τ)2 = 1, φ(τ)φ(σ)φ(τ) = φ(σ) 〉
So that φ(G) ≈ Z/2Z× Z/2Z. If m is odd, we have
φ(G) = 〈φ(σ), φ(τ) | φ(σ) = φ(τ)2 = 1〉
So that φ(G) ≈ Z/2Z. In either case, we have, by the universal property of the
commutator subgroup, that G
′ ≤ 〈σ2〉 so that G′ = 〈σ2〉.
If m is even, then (σm/2)−1 = σm/2 and consequently τσm/2 = σm/2τ from
which it follows that σm/2 ∈ ZG. If i ∈ { 0, . . . , m − 1 } and i 6= m/2. Then
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σi 6= σ−i so that τσi 6= σiτ and consequently σi 6∈ ZG. By Lemma 4.3.2, we have
that, for all i ∈ { 0, . . . , m − 1 }, σiτ 6∈ ZG. Since all the elements of G have
been considered, ZG = 〈σm/2〉.
Lemma 4.3.5. ( nth Roots of Unity in Dihedral Extensions ) Let K/Q
be a finite Galois extension with dihedral Galois group. For q ≥ 5, q a rational
prime, the primitive qth roots of unity are not in K. The primtive 9th roots of unity
are not in K.
Proof. Let φ be the Euler function. For m ∈ N let ζm be a primitive m− th root




≈ Z/φ(q)Z. By Lemma 4.3.4, and The Fundamen-
tal Theorem of Galois Theory, the maximal abelian subfield of K has Galois group
isomorphic to Z/2Z or Z/2Z× Z/2Z so that ζq 6∈ K and ζ9 6∈ K.
Lemma 4.3.6. ( Sylow-2 Subgroups of Inertia Groups ) Let m ∈ N, m ≥ 2.
Let K/Q be a finite Galois extension such that Aut( K/Q ) ≈ D2·(2m). Let p ≥ 3 be
a rational prime and let v be a place of K restricting to the p−adic place of Q. Let
G0 be the inertia group of v. Let H be a Sylow-2 subgroup of G0 and let K be a
Sylow-2 subgroup of G containing H. Then [K : H] ≥ 2.
Proof. Let G
′
denote the commutator subgroup of G. Let F
G
′ be the subfield of
K fixed by G
′
. By Lemma 4.3.4, and Galois correspondence, there exists relatively





we may assume that p - D1 in which case p does not ramify in Q(
√
D1 ) ( see
Section 16.3 of [Dum99] exercise 22 ). It then follows, by the transistivity of the
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ramification index, that [K : H] ≥ 2.
Lemma 4.3.7. ( Normalizers of Non-normal Subgroups ) Let m ∈ N, m ≥ 2
and let G = 〈σ〉 oρ 〈τ〉 ≈ D2·2m. Let H be a non-normal subgroup of G. Then
[NG(H) : H] ≤ 2. If K ≤ G such that there exists i ∈ { 0, . . . , 2m − 1 } for
which σiτ ∈ K, then [NG(K) : K] ≤ 2.
Proof. By Lemma 4.3.3, ∃ i ∈ { 0, . . . , 2m− 1 } such that σiτ ∈ H. Let s ∈ N
such that 〈σs〉 = 〈σ〉
⋂
H. Then H = 〈σs〉 oρ 〈σiτ〉. Suppose that 2 | [〈σ〉 : 〈σs〉],
then since [〈σ〉 : 〈σs〉] = (2m, s), 2 | s. The elements of order 2 in H are σi+tsτ for
t ∈ { 0, . . . , 2m/s − 1 } and σm if σm ∈ H. Let r ∈ { 0, . . . , 2m − 1 } and
suppose that σrτ ∈ NG(H). Then, for all t ∈ { 0, . . . , 2m/s− 1 }, we have
σrτ(σts+iτ)σrτ = σ2r−(ts+i)τ ∈ H











Let n ∈ { 1, . . . , 2m− 1 } such that σn ∈ NG(H). Let t ∈ { 0, . . . , 2m/s− 1 }.






Hence, we have that NG(H) = 〈σs/2〉oρ 〈σiτ〉. So that [NG(H) : H] = 2.
Suppose that 2 - [〈σ〉 : 〈σs〉]. Then since [〈σ〉 : 〈σs〉] = (2m, s), 2 - s. The
elements of order 2 in H are σi+tsτ for t ∈ { 0, . . . , 2m/s − 1 } and σm ( we
note that, in this case, σm ∈ H ). Let r ∈ { 0, . . . , 2m − 1 } and suppose that
σrτ ∈ NG(H). Then for all t ∈ { 0, . . . , 2m/s− 1 } we have
σrτ(σts+iτ)σrτ = σ2r−(ts+i)τ ∈ H











Suppose that σr 6∈ σi〈σs〉. Then σr−i 6∈ 〈σs〉, but (σr−i)2 ∈ 〈σs〉 which is a con-
tradiction since 2 - [〈σ〉 : 〈σs〉]. Hence, we have that σr ∈ σi〈σs〉 and conse-
quently that σrτ ∈ H. Let n ∈ { 1, . . . , 2m − 1 } such that σn ∈ NG(H).





which implies that σn ∈ 〈σs〉 and consequently that σn ∈ H. It thus follows that
NG(H) = H and consequently that [NG(H) : H] = 1.
Lemma 4.3.8. ( Order of a Stabilizer ) Let m ∈ N, m ≥ 3. Let K/Q be a
finite Galois extension such that Aut( K/Q ) ≈ D2·m. Let p be a rational prime.
Let v be a place of K restricting to the p−adic place of Q. Let f be the residue class
degree of v and e the ramification index of v. If f ≥ 3 then e · f ≤ m.




= 〈σ〉 oρ 〈τ〉. Let G0 be the inertia group of v
and let Zv be the decompositon group of v. By Theorem 1.9.1, |G0| = e, G0 E Zv,
Zv / G0 is cyclic, and |Zv| = ef . Since [NG(G0) : G0] ≥ [Zv : G0] = f ≥ 3 it follows,
by Lemma 4.3.7, that G0 / 〈σ〉. Suppose ∃ i ∈ { 0, . . . , 2m − 1 } such that
σiτ ∈ Zv. Let s ∈ N
⋃
{0} such that 〈σs〉 = 〈σ〉
⋂
Zv. Then Zv = 〈σs〉oρ 〈σiτ〉 and
then, by Lemma 4.2.2, Zv / G0 is not cyclic of order ≥ 3. This would be a contra-
diction. Consequently we have that Zv / 〈σ〉. The result follows since |〈σ〉| = m.
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Lemma 4.3.9. ( Normal Subgroups of Dihedral Groups ) Let m ∈ N, m ≥ 3.
Let G = 〈σ〉oρ 〈τ〉 ≈ D2·m. Let H / G such that H 5 〈σ〉. Then [G : H] = 2 or
[G : H] = 1.
Proof. By considering the distinct elements of G we have that there exists i ∈
{ 0, . . . , m− 1 } such that σiτ ∈ H. By Lemma 4.3.7, [NG(H) : H] ≤ 2 and since
G = NG(H), we have that [G : H] ≤ 2.
Lemma 4.3.10. Let m ∈ N, m ≥ 2. Let G = 〈σ〉 oρ 〈τ〉 ≈ D2·2m. Let v be
a place of K that restricts to the 2-adic place on Q. Let G0 be the inertia group of v
and let Zv be the stabilizer of v. If there exists i ∈ { 0, . . . , 2m− 1 } such that
σiτ ∈ G0 and σm 6∈ G0 then |G0| ∈ { 2, 6 }.
Proof. By Lemma 4.3.7, [NG(G0) : G0] ≤ 2. Since G0 E Zv it follows that
|Zv / G0| = f ≤ 2. From Theorem 1.9.1, we have that the only possible odd divisors
of |G0| are 1 and 3. For k, j ∈ { 0, . . . , 2m− 1 }, (τσk)(τσj) ∈ 〈σ〉 so that
〈τσi〉 ∈ Sylow2(G0).
4.4 The Subgroup HQ(α) ≤ Aut(K/Q)
Let m ∈ N, m ≥ 2 and let K/Q be a Galois extension such that G ≡ Aut( K/Q ) =
〈σ〉oρ 〈τ〉 ≈ D2·2m. Let α ∈ O×K − Tor(O
×
K ) and let HQ(α) be the subgroup of G
that fixes the field Q(α). By Theorem 3.3.1 and equation (3.1.2) we can suppose that
α is a reciprocal algebraic integer. From Lemma 4.2.3, Lemma 2.3.1 and Lemma
3.1.2, we can suppose that HQ(α) 6= { 1 }. From Lemma 4.2.2 and The Fundamental
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Theorem of Galois Theory we can suppose that K is the Galois closure of Q(α) and
consequently, by Lemma 4.3.3 that HQ(α)
⋂
〈σ〉 = { 1 }.
By considering the distinct elements of G, it follows that there exists i ∈
{ 0, . . . , 2m − 1 } such that HQ(α) = 〈σiτ〉 and consequently that [Q(α) :
Q] = 2m. By Lemma 4.3.2 we have that NG(HQ(α)) = 〈HQ(α), σm〉. As a result,
[NG(HQ(α)) : HQ(α)] = 2. It follows from The Fundamental Theorem of Galois
Theory that σm(α) = 1/α and that α and 1/α are the only Galois conjugates of
α contained in Q(α).
We may suppose that α is extremal for the Mahler measure in O×K −Tor(O
×
K ).
By Lemma 3.7.1, we can suppose that for all s ∈ N and all g ∈ G−HQ(α), αs 6= g(α)s.
This will be useful as we will need to work with Lemma 2.5.6.
Let η : K ↪→ C be an embedding and let ξ ∈ G correspond to complex
conjugation wth respect to η. From Theorem 2.4.2 and Lemma 3.1.2 we assume





Suppose that α1, α2, α3, and α4 are distinct Galois conjugates of α on the
archimedean unit circle with respect to η. Then it follows that ξ = σm ∈ ZG
which would be a contradiction. It consequently follows that α can have at most
two Galois conjugates on the archimedean unit circle. For our computations this






v contained in the hypothesis of Lemma 2.5.2.
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We will need to work with Lemma 2.5.2 and in order to prove that CD = M(x3−x−1)





v that are sharper than the
trivial estimate obtained from the usual triangle inequality. Lemmas 4.5.1, 4.5.2,
and 4.5.3 were developed for this purpose. In this section, let || · ||∞ be the usual
archimedean absolute value on C.













Proof. If ||z||∞ ≤ 1 the lemma is trivial. Assume ||z||∞ > 1.
reiθ = r cos θ + ir sin θ
Re z > 0.5 and ||Re (z − 1)||∞ < ||Re z||∞. Im (z − 1) = Im z,
||z − 1||2∞ = (Re (z − 1))2 + (Im z)2 ≤ (Re z)2 + (Im z)2 = ||z||2∞























Proof. If ||z||∞ ≤ 1, the lemma is trivial. Assume ||z||∞ > 1.
reiθ = r cos θ + ir sin θ





z = Re z + i(a Re z)
it follows that
||z||2∞ = (a2 + 1)(Re z)2
and
















is thus equivalent to




























f(x) = Ax2 +Bx+ C








By The Intermediate Value Theorem and The Fundamental Theorem of Algebra it
follows that for Re z ≤ −1/
√
a2 + 1 = cos θ
























and since ||z||∞ ≥ 1,
Re z ≤ − 1√
a2 + 1


































z = Re z + i(a Re z)
so that
||z||2∞ = (a2 + 1)(Re z)2
and

















0 ≤ ( a2 + 1 )(
√
a2 + 1− 2 )(Re z)2 + 2 ·
√

















f(x) = Ax2 +Bx+ C



















, we have a2 ≥ 3 and therefore A ≥ 0. Since B > 0, if
Re z ≥ cos θ = 1√
a2 + 1
then
f(Re z) ≥ 0
Lemmas 4.5.1, 4.5.2, and 4.5.3. each have symmetric versions where z + 1 is
considered as opposed to z − 1. These symmetric versions have the same proofs as
Lemmas 4.5.1, 4.5.2. and 4.5.3.
4.6 Numbers of Degree ≥ 10
Proposition 4.6.1. Let m ∈ N, m ≥ 2. Let K/Q be a finite Galois extension such
that Aut( K/Q ) ≈ D2·2m. Let α ∈ O×K be reciprocal such that K is the Galois
















G ≡ Aut( K/Q ) = 〈σ〉 oρ 〈τ〉. Let A2 = { v1, . . . , vt } ( where t ∈ N ) be the





















If f ≥ 3 then Φv1 ∈ 〈σ〉 and [G : ZG(Φv1)] ≤ 2. By Theorem 1.9.1(i), G
acts transitively by conjugation on the set of Frobenius automorphisms of the vi.
Consequently, we may suppose that
Φv1 = · · · = Φvt/2
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As a result,
Φv1(α)− α2 ∈ Mv1 · · ·Mvt/2
By the difference of squares formula,
Φv1(α
4)− α8 ∈ M3v1 · · ·M
3
vt/2






Proposition 4.6.2. Let m ∈ N, m ≥ 2. Let K/Q be a finite Galois extension
such that Aut( K/Q ) ≈ D2·2m. Let α ∈ O×K be reciprocal such that K is the Galois






Proof. Since K is the Galois closure of Q(α) it follows that α ∈ O×K − Tor(O
×
K ).
Let G ≡ Aut( K/Q ) = 〈σ〉 oρ 〈τ〉. Let A2 = { v1, . . . , vt } ( where t ∈ N
) be the set of places of K that restrict to the 2−adic place of Q. Suppose that
∃ i ∈ { 0, . . . , 2m − 1 } such that G0 = 〈σiτ〉. By Lemma 4.3.2 and Theorem
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If e = 2 and there does not exist i ∈ { 0, . . . , 2m−1 } such that G0 = 〈σiτ〉,
then, by Lemma 4.3.1, G0 = G1 = 〈σm〉. By Theorem 1.9.1(i), G acts transitively







By the difference of squares formula,




By Lemma 3.7.1 and Section 4.4 we can assume that
0 6= α2 − σm(α2)






Proposition 4.6.3. Let m ∈ N, m ≥ 5. Let K/Q be a finite Galois extension such
that Aut( K/Q ) ≈ D2·2m. Let α ∈ O×K be such that K is the Galois closure of Q(α).
If 2 ramifies with ramification index greater than 2, then M(x3 − x− 1) ≤ M(α).
Proof. Since K is the Galois closure of Q(α) it follows that α ∈ O×K − Tor(O
×
K ).
Let G ≡ Aut( K/Q ) = 〈σ〉 oρ 〈τ〉. By Theorem 3.3.1, we suppose that α is re-
ciprocal. Recall the allowed assumptions on α and HQ(α) from Section 4.4. Let
A2 = { v1, . . . . , vt } ( where t ∈ N ) be the set of places of K that restrict to the
2-adic place of Q. We will use Theorem 1.9.1 and Lemma 3.1.2 throughout the proof.
CASE 1: e ≤ [Q(α) : Q]/4. By considering the distinct elements of G, there
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exists i ∈ { 1, . . . , 2m − 1 } such that σi ∈ G0. Let s ∈ N be minimal such
that 2s > e. Then 2s < 4e ≤ [Q(α) : Q]. As a result, 2s+1 ≤ 2[Q(α) : Q]. By Lemma




2 · [Q(α) : Q]
)
and by Lemma 3.1.2,
M(α) ≥ M(x3 − x− 1)
CASE 2: 3e = [Q(α) : Q]. Since [Q(α) : Q] is even, it follows that 2 | e.
Suppose that σm ∈ Gv1,1. Let r ∈ N be smallest such that 2r ≥ e. Then















By the difference of squares formula,
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α2




By Lemmas 2.5.1, 2.5.2, and since
2r+1 <
(






3 · log 2
4 · [Q(α) : Q]
)
it follows from Lemma 3.1.2 that
M(α) ≥ M(x3 − x− 1)
Suppose now that σm 6∈ Gv1,0. Then, by Lemma 4.3.10, e = 6 and hence
[Q(α) : Q] = 18. Since e = 6 there exists j ∈ { 1, . . . , 2m − 1 } such that

















and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
CASE 3: 2e = [Q(α) : Q]. Let r ∈ N be minimal such that 2r ≥ e. Then
2r+1 < 4e = 2 · [Q(α) : Q]. If σm ∈ Gv1,1, then since σm(α) = 1/α, α is a unit

























2 · [Q(α) : Q]
)
and by Lemma 3.1.2 that
M(α) ≥ M(x3 − x− 1)
From Lemma 4.3.10 we are left with the case e = 6 or equivalently [Q(α) :
















and by Lemma 3.1.2
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M(α) ≥ M(x3 − x− 1)
CASE 4: e = [Q(α) : Q]. Then f = 1 or f = 2. Let r ∈ N be minimal such
that 2r ≥ 2e. Since [Q(α) : Q] is even and ≥ 10, if f = 1, then G is a 2 group,























2 · [Q(α) : Q]
)
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and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
If f = 2, then the only odd prime power possibly dividing e is 3 and
A2 = { v1 }. If f = 2 and 3 - e then G is a 2 group, e ≥ 16, σm ∈ Gv1,3,
and







Since α is an integer,
α2 − 1 ∈ M4v1
By the difference of squares formula,
1− α[Q(α):Q] ∈ M2ev1
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and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
If f = 2 and 3 | e, then [Q(α) : Q] ≥ 12 and there exists s ∈ N such that
[Q(α) : Q] = 2s · 3. In this case, σm ∈ Gv1,1 so that







Since α is an integer,
α2 − 1 ∈ M2v1
Suppose e = 12. By the difference of squares formula,
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α32 − 1 ∈ M28v1






and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
If e ≥ 24, then σm ∈ Gv1,2 and







Since α is an integer,
α2 − 1 ∈ M3v1
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(α− 1)(α+ 1) ∈ M3v1
Since Mv1 is a prime ideal of Ov1 ,
α− 1 ∈ M2v1
By the difference of squares formula,
α2
s+1 − 1 ∈ M2s+2v1
α2




4 · [Q(α) : Q]
3
)
it follows from Lemmas 2.5.1 and 2.5.2 that
h(α) ≥
(
3 · log 2
4 · [Q(α) : Q]
)
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and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
CASE 5: e = 2 · [Q(α) : Q]. Then f = 1, G is a 2 group, A2 = { v1 } and
[Q(α) : Q] ≥ 16. Consequently, σm ∈ Gv1,3 and







Since α is an integer,
α2 − 1 ∈ M4v1
By the difference of squares formula,
α2[Q(α):Q] − 1 ∈ M2ev1





2 · [Q(α) : Q]
)
and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
CASE 6: e ∈ { (2/3) · [Q(α) : Q], (2/5) · [Q(α) : Q], (2/7) · [Q(α) : Q] }












Since α is an integer




By the difference of squares formula















Let s ∈ N be minimal such that 2s > 2
3





and by the difference of squares formula
α2




By Lemmas 2.5.1 and 2.5.2
h(α) ≥
(
3 · log 2
4 · [Q(α) : Q]
)
and by Lemma 3.1.2
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M(α) ≥ M(x3 − x− 1)
4.7 Numbers of Degree ≤ 8
Proposition 4.7.1. ( [Q(α) : Q] = 4 ). Let K/Q be a finite Galois extension such
that Aut( K/Q ) ≈ D2·4. Let α ∈ O×K . be such that K is the Galois closure of Q(α).
Then M(α) ≥ M(x3 − x− 1).
Proof. Since K is the Galois closure of Q(α) it follows that α ∈ O×K − Tor(O
×
K ).
Let G ≡ Aut( K/Q ) = 〈σ〉 oρ 〈τ〉. By Theorem 3.3.1, we suppose that α is
reciprocal. Let A2 = { v1, . . . , vt } ( where t ∈ N ) be the set of places of K
that restrict to the 2−adic place of Q. Let η : K ↪→ C be an embedding of K into C
and let ξ ∈ G correspond to complex conjugation with respect to η. By Theorem
3.6.1, we suppose that ξ 6∈ ZG. Suppose that α does not have a real Galois conju-
gate. By Theorem 2.2.1, we can assume that α has a Galois conjugate γ such that
β = γ · ξ(γ) > 1. Recall the allowed assumptions on HQ(α) established in Section
4.4. Since σ2(β) = 1/β and [Q(β) : Q] = 4, we can deduce that M(α) = M(β). It
follows that we may assume α to be real and positive. In this case, M(α) = α.
CASE 1: 2 does not ramify in K. By Proposition 4.6.1, we assume that f = 4
and consequently that A2 = { v1, v2 } and Φ2v1 = Φ
2
v2 = σ
2. As a result,
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− α4 ∈ Mv1
⋂
Mv2
Since α is an integer,
1− α5 ∈ Mv1
⋂
Mv2
By the difference of squares formula,
1− α10 ∈ M2v1
⋂
M2v2














By Lemma 4.5.1, since α ∈ R+, A ≤
√










and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)














Since α is an integer,




By the difference of squares formula,
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and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
If e = 2 and ∃ i ∈ { 0, 1, 2, 3 } such that G0 = 〈σiτ〉 then by Lemma
4.3.2 and Theorem 1.9.1 f ≤ 2. As a result,




Since α is a unit,




By the difference of squares formula,
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By Lemma 4.5.1, A ≤
√










and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)















Since α is a unit,




By the difference of squares formula,










and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
If e = 8, then A2 = { v1 }, σ2 ∈ Gv1,2 and
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Since α is a unit,
α2 − 1 ∈ M3v1
By the difference of squares formula
(α+ 1)(α− 1) ∈ M3v1
Since Mv1 is a prime ideal of Ov1 ,
α− 1 ∈ M2v1
By the difference of squares formula,











and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
Proposition 4.7.2. ( [Q(α) : Q] = 6 ) Let K/Q be a finite Galois extension such
that Aut( K/Q ) ≈ D2·6. Let α ∈ O×K be such that K is the Galois closure of Q(α).
Then M(α) ≥ M(x3 − x− 1).
Proof. Since K is the Galois closure of Q(α) it follows that α ∈ O×K − Tor(O
×
K ).
Let G ≡ Aut( K/Q ) = 〈σ〉oρ 〈τ〉. By Theorem 3.3.1, we suppose that α is recipro-
cal. Let A2 = { v1, . . . , vt } ( where t ∈ N ) be the set of places of K that restrict
to the 2−adic place of Q. Let η : K ↪→ C be an embedding and let ξ ∈ G correspond
to complex conjugation with respect to η. By Theorem 3.6.1, we can assume that
ξ 6∈ ZG. Recall the allowed assumptions on HQ(α) established in Section 4.4.
CASE 1: 2 ramifies in K. By Proposition 4.6.2 and Lemma 3.1.2, we assume















Since α is a unit,




By the difference of squares formula,










and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
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By the difference of squares formula and Lemma 3.7.1,










and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
If e = 6 then f = 2 and A2 = { v1 }. If σ3 ∈ Gv1,1,








Since α is an integer,
α2 − 1 ∈ M2v1
By the difference of squares formula,
α16 − 1 ∈ M14v1






and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
If e = 6 and σ3 6∈ Gv1,1, then Gv1,0 ≈ D2·3. We can assume that τ ∈ Gv1,1 and that
τ 6∈ HQ(α). Thus,
0 6= α− τ(α) ∈ M2v1
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By the difference of squares formula and Lemma 3.7.1,
0 6= α8 − τ(α8) ∈ M14v1







M(α) ≥ M(x3 − x− 1)
CASE 2: 2 does not ramify in K.






















and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
























Assume that α is not real and is outside the closed archimedean unit disk
with respect to η. Since α is reciprocal of degree 6, α has either two Galois conju-
gates on the archimedean unit circle or α has two Galois conjugates that are real
and none on the archimedean unit circle with repecct to η.
CASE 2(a): No Real Galois Conjugates. Suppose that α has no real
Galois conjugates. Let γ ≡ α9. By Lemma 3.7.1, [Q(γ) : Q] = [Q(α) : Q] = 6.
By considering −γ,−γ, and γ if necessary, assume that γ is in the first quadrant.
By The Fundamental Theorem of Galois Theory, there exists a subfield, F, of Q(γ)
that is quadratic over Q. Let HF be the subgroup of G that fixes the field F. Let
g1, g2, g3 be a complete set of distinct coset representatives of HQ(γ) in HF. Since
h(g1(α)g2(α)g3(α)) ≤ 3 · h(α), 3 · [Q(g1(α)g2(α)g3(α)) : Q] ≤ [Q(α) : Q], 2 does not
ramify in K, Lemma 4.3.5 and g1(α)g2(α)g3(α) is an abelian integer of degree less
than or equal to 2, we assume that g1(γ)g2(γ)g3(γ) =
(
(g1(α)g2(α)g3(α)
)9 = ±1. It
then follows that one of γu ≡ ±γ/γ is a Galois conjugate of γ on the archimedean
unit circle.
Case (2a1): γu ≡ +γ/γ
It follows that the arguement of either γu or γu is twice that of γ. Let

















, then, by Lemmas 4.5.1 and 4.5.2,
A1 ≤ 6
√
















and by Lemma 3.1.2
M(α) ≥ 1.331 ≥ M(x3 − x− 1)

















then, by the symmetric version of
Lemma 4.5.2 and since γu is on the archimedean unit circle with respect to η,
A2 ≤ 6
√
2 + 2 cos(35.5π/48) · 3
√
2 + 2 cos(17.75π/48)
= 1.30257












and by Lemma 3.1.2
M(α) ≥ 1.329 ≥ M(x3 − x− 1)
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This completes the proof of the case 2(a1).
Case (2a2): γu ≡ −γ/γ
It follows that either the arguement of γu or the arguement of γu is π + twice the


























, then, by Lemmas 4.5.1 and 4.5.2, A1 ≤ 21/3 so that




then γu is in the sector[
−π/3, 0
]
so that A1 ≤ 21/3 and M(α) ≥ M(x3 − x− 1). This completes the proof
of case 2(a2).
CASE 2(b): Real Galois Conjugates. Suppose now that γ ≡ α9 has a
real Galois conjugate, β. We can assume that ||β||∞ ≤ 1.339/2. Let γ3 be a Ga-
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lois conjugate of γ that is not real. By considering −γ3,−γ3, and γ3, if necessary,

















. By Lemma 4.5.1,
A ≤ 21/3












and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)




. Let δ ≡ γ + 1. For














By the symmetric version of Lemma 4.5.1,


















and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)




. Let δ ≡ γ − 1. For each














Then, by Lemmas 4.5.1 and 4.5.2,

















and by Lemma 3.1.2
M(α) ≥ M(x3 − x− 1)
Proposition 4.7.3. ( [Q(α) : Q] = 8 ) Let K/Q be a finite Galois extension such
that Aut( K/Q ) ≈ D2·8. Let α ∈ O×K be such that K is the Galois closure of Q(α).
Then M(α) ≥ M(x3 − x− 1).
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Proof. Since K is the Galois closure of Q(α) it follows that α ∈ O×K − Tor(O
×
K ).
Let G ≡ Aut( K/Q ) = 〈σ〉 oρ 〈τ〉. By Theorem 3.3.1, we suppose that α is re-
ciprocal. Let η : K ↪→ C be an embedding and let ξ ∈ G correspond to complex
conjugation. By Theorem 3.6.1, we can assume that ξ 6∈ ZG. Recall the allowed
assumptions on HQ(α) established in Section 4.4. Let A3 = { v1, . . . , vt } ( where
t ∈ N ) be the set of places of K that restrict to the 3−adic place of Q.























M(α) > M(x3 − x− 1)







From the binomial theorem
Φv1(α)




Let γ ≡ Φv1(α)3/α9 and d = [Q(γ) : Q]. Since α is a unit,









it follows from the difference of squares formula that


























































If [Q(γ) : Q] = 16 then, since ξ 6∈ ZG, K = Q(γ), K is not totally real and
σ4(γ) = 1/γ, the Galois conjugates of γ occur in sets of four as γ, γ, 1/γ, 1/γ.
Suppose that [Q(γ) : Q] = 8 and that γ does not have a real Galois conjugate. Then
the Galois conjugates occur in sets of four as γ, γ, 1/γ, 1/γ.








. If γ has a real conjugate












It then follows from inequalities (4.7.1) and (4.7.2) that
M(α) > M(x3 − x− 1)
Suppose that 3 ramifies in K. By Theorem 1.9.1 and Lemma 4.3.8 we know




























and by Lemma 3.1.2
M(α) > M(x3 − x− 1)
We thus suppose that f ≥ 2 and e ≤ 4. If there exists j ∈ { 2, 4 } such that





From the binomial theorem and Lemma 3.7.1,
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and by Lemma 3.1.2
M(α) > M(x3 − x− 1)
If e = 4 then by the binomial theorem and Lemma 3.7.1,
















and by Lemma 3.1.2
M(α) > M(x3 − x− 1)
We consequently assume that there exists i ∈ { 0, 1, 2, 3, 4, 5, 6, 7 }
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and by Lemma 3.1.2
M(α) > M(x3 − x− 1)
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We have thus proved the following
Theorem 4.7.4. (Garza) Amongst all polynomials in Z[x] whose splitting fields
are contained in dihedral Galois extensions of Q, the lowest Mahler measure (other
than 1) is attained by x3 − x− 1.
4.8 Final Remarks
We note that we have not established a lower bound for the height in dihedral
extensions of the rationals. We hence state the following research question.
Research Problem 4. Establish a lower bound for the height in dihedral
extensions of the rationals or exhibit a sequence of algebraic numbers,
different from zero and the roots of unity and lying in dihedral extensions
of the rationals, whose heights approach 0.
In both the archimedean and non-archimedean cases, we have established
connections between the normalizer of a stabilizer and lower bounds for the height.
Corollary 2.6.2 showed that lower bounds for the height exist in certain non-abelian
isomorphism classes of Galois extensions. We propose the following research ques-
tions.
Research Problem 5. Establish a lower bound for the Mahler measure of
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elements of Q× −Tor( Q× ) whose Galios closures are Kummer extensions
of cyclotomic extensions of the rationals.
Research Problem 6. Establish a lower bound for the Mahler measure of
elements of Q× −Tor( Q× ) whose Galios closures are meta-abelian exten-
sions of the rationals.
Research Problem 7. Establish a lower bound for the Mahler measure of
elements of Q× − Tor( Q× ) whose Galios closures are 2−group extensions
of the rationals.
Research Problem 8. Establish a lower bound for the Mahler measure of
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